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ABSTRACT. In this note we consider measures supported on limit
sets of systems that contract on average. In particular, we present
an upper bound on their Hausdorff dimension.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this note we want to consider measures supported on limit sets
of systems that contract on average. There have been many articles
concerning finding upper bounds on the Hausdorft dimension of mea-
sures for attractors (and stationary measures for strictly contracting
iterated function systems (IFS)) or the closely related case of repellers
and invariant measures for expanding maps. For conformal maps there
are quite comprehensive results and, even in the case of non-conformal
results there are a number of strong results. For example, [2],[6] deal
with the linear case and [1],[9] with the nonlinear case. In [4] iterates
of random functions which contract on average are considered and this
idea can be put into the framework of IFS which contract on aver-
age. In [8] with the addition of random errors the exact value of the
dimension is computed almost surely. However, when we turn to the
problem of estimating the Hausdorff dimension of measures, for IFS
which contract on average, most previous authors have concentrated
on the case when the maps are conformal. Our aim is to find upper
bounds for the general case. Although there have been several papers
which provide upper bounds for the Hausdorff dimension of the mea-
sures defined by such systems, including [7] and [3], our results are also
new in the uniformly contracting case.

In this paper we shall consider an iterated function system in R¢
which contracts on average. Our aim is to provide a sharp upper bound
for the Hausdorff dimension of natural measures defined using such
systems. Let 0 < 4\ <1<~ =1, mand fi,...,fn:R? >
R? be C? diffeomorphisms satisfying

0 <A <||dfi|| <A for all 1 < i < m.
1
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We can denote 7 = minj<;<y, %i) and v, = maxj<i<m véi). Let X,
be the full shift on m symbols. We shall consider ergodic probability
measures 4 on >, satisfying

(1) n = Zu({z + 1y = i}) log 74" < 0.

If this is the case we say that the iterated function system contracts on
average. The sequence

fu oo fi,(0)

converges for p almost all ¢ (see [4]) and we will denote
II(z) = lim f;; o---0 f; (0).

This is well defined for p-almost all i and so we can let v = po II7%
If the system is uniformly contracting and the open set condition is
satisfied then [9] gives an upper bound for the dimension. If there are
expansions in the IFS then the limit set will include oo and in many
cases is equal to be the whole of R? (see [7] for examples). For the
linear case where the contractions are less than % typical values for the
Hausdorftf dimension of the attractor and stationary measures can be
computed [2], [6]. If the linear maps have norm less than 1 then adding
random perturbations gives an almost sure equality, [6].
For A € Lin(R? R?) we define the singular values

a(A) = - > aq(4)

to be the eigenvalues of (A*A)Y2. For 1 < j < d we define aj(z, f;) =
a;(Dfi(x)). For 0 < s <d choose k = [s] + 1 and define

¢°(fisx) =logan(z, fi) + ...+ (s — k + 1) log ay (. f;).
Our first result describes the subadditive behaviour of ¢*(f;, x).

Lemma 1. For any 0 < s < d the function ¢° satisfies the following
subadditive property

¢S(fi1 © fiyx) < ¢S(fi1vfi2(x)) + ¢S(fi27x)

Proof. This can be proved using Lemma 2.1 in [2] which states that for
T,U € Lin(R? R?) we have that

(2) ¢*(TU) < ¢°(T)¢*(U),

where ¢*(T'), etc., have the obvious interpretation. By the chain rule
we have that D.(f;, o fi,) = Dy, @)(fis) Dx(fi,) and the result follows
from the definition of ¢°(f, x) and (2). O



UPPER BOUNDS ON DIMENSION 3

Let ¢° : 3,, — R be defined by

9°() = ¢°(fi, (o (2))).
It follows by the Birkhoftf Ergodic Theorem that

(3) S % i 9°(0’i) = / 9" ()dp(i) = g°(n)

for p almost all 7 € 3,,.

Given a Borel set X we define H;(X) to be the infimum of the
summations Y ;¢ where U;B(z;,7;) 2 X, is a finite cover by balls
B(z;,r;) with radii satisfying r; < p. The Hausdorff dimension of X is
then given by

dimy (X)) = inf {s : })ii% Hy(X) = O} .

We recall that the Hausdorfl dimension of measure is the infimum of
the dimensions of Borel sets of full measure. We now have our first
upper bound for the Hausdorff dimension of v.

Lemma 2. Let s satisfy

then we have that
dimy (v) < s.

However, it is possible to improve on this bound. For i € >, we
consider the values

1
~¢*(fiy 0+ fi,, (7).

By the sub-additive ergodic theorem [5] this converges almost surely to

P = int {3 [ o oo £ T D)) |

n>1

Now we consider the iterated function system formed by taking the
iterates f;, o---o f; and the same measure p. In this case we can
define g (1) by

g5 ) = / 6 (fu 0+ of, (0™1))du(d)

and note that considering the system of nth level iterates will cause
the entropy to be multiplied by n. Thus applying Lemma 2 gives that

dlm’H(V) < $n
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where s,, satisfies

1 S
g (1) = —h(p).
Moreover, by the subadditive ergodic theorem we have that
3 1 S _ S
inf {Egn(u)} = f*(1)-

Hence
dimy(v) <s

where s = inf, > s,, satisfies

by the subadditivity of ¢°.
Our next step is to show how f*(u) can be written in terms of Lya-
punov exponents.

Lemma 3. There exist constants
0> Ai(p) =+ = Aa(p)

where for u almost all i

n—oo

o1
lim - log aj(Dri(os) fir - - - Drigonay) fin) = A

Proof. This follows from Oseledec’s Multiplicative Ergodic Theorem
[5]. O

We now come to our main result.

Theorem 1. Let v = poll~t be the stationary measure for an iterated
function system as defined above. We have that

(i) + 2521
(4) dimpv < min {k—l— )+ 250 j}.

1<k<d Ak

Proof of Theorem 1 (assuming Lemma 2). The proof of Lemma 2 will
be given in the remainder of the paper. Fix 0 < s < d. It follows by
the definitions of ¢2(u) and f*(u) and by Lemma 3 that

k—1
Pu)=> N+ (s—k+DM\fork—1<s<k
j=1

Let so be the solution in s to the identity —h(u) = f*(u) and k where
k—1 <t <k. We have that

—h(,u):/\1+...+/\k_1+(80—]€+1)/\k
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and thus
h Ao+ Al
o= (k1) M FALE . F Ay
Ak
A routine, if long, calculation shows that this is the minimum given in
(4). O

In the case of conformal maps we always have an equality, although
there exist examples of affine contractions for which there is a strict
inequality. However, with random perturbations to affine contractions
we can recover the equality in the context of random attractors [6].

2. CALCULATING HAUSDORFF MEASURE AND HAUSDORFF
DIMENSION

The key to our proof of Lemma 2 is estimating how one iteration of
each map effects the Hausdorff measure. For this purpose we need a
simple result regarding the derivative of a diffeomorphism.

Lemma 4. Let f : R — R? be a C* diffeomorphism. For any e > 0,
r > 0 we can find p such that for z,y € B(0,r) with ||z — y|| < p we
have

(5) 1£(2) = f(y) = D=f(z — y)l| < ellz =y
and
(6) for 1 < j <d we have that |o;(f, 2) — o;(f,y)| <e.

Proof. Let ¢ > 0 we can find p; such that condition (5) is satis-
fied by Frechet differentiability of f. The Frechet derivative Df :
R? — R? is a linear map. Since Df is uniformly continuous we can
find pe such that for ||y — z|| < py and any x € B(0,1) we have
1Dy f(z) — D.f(z)]| < e Thus Dyf(B(0,1)) € B(D.f(B(0,1)),¢)
where B(D,f(B(0,1)),€) denotes an e-neighbourhood of the image
D.f(B(0,1)). Since the singular values of D, f are given by the prin-
cipal axes of the ellipsoid D,f(B(0,1)) it follows that D, f(B(0,1))
will be contained inside the ellipsoid with principal axes a;(f,z) +
€ ...,aq(f, z) + €. Similarly, D, f(B(0,1)) will be contained inside the
ellipse with axes oy (f,y) +¢€,...,aq(f,y)+e€ Thus for each 1 < j < d,
we have |ay(f, 2) — a;(f,9)| < e &

We can now prove a result estimating the effect on Hausdorff measure
of an iteration of f. This is very similar in nature to Lemma 3 and
Corollary 1 in [9].
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Lemma 5. Let f: R — R? be a C* diffeomorphism. We can choose
p sufficiently small such that for A C B(z,p) C R? we have

Hy,(f(A) < CH (A)
where C = 2°d°/? exp(¢*(f,x)) and b = 2v/dexp(ay(f, x)).

Proof. We choose € > 0 to be sufficiently small such that (1 +¢€)e® < 2.
By Lemma 4 we can find p such that both (5) and (6) are satisfied.
Let H;(A) = h. It follows that for § > 0 we can find a finite set of
balls B(z;,7;) where U;B(z;,7;) 2 A, r; < pforall jand ), ri < h+9.
By definition, the sets f(B(z;,1;)) cover f(A). Furthermore, due to
our choice of p and Lemma 4 these will be contained in ellipses with
principal axes (1 + €)r; exp(a;(f,z) +¢€), j =1,---,d. More precisely,
by (5) f(B(zi,r;)) is contained in an ellipse with principal axes

(14 €)rjexp(a;(f, 25))

and we can then apply (6). Choose k such that k —1 < s < k. We
can cover f(B(z;,r;)) with

explag(fix)+ ...+ ap1(f,x) + (k- 1)6):| 41
exp((k — Dax(f,z) +€)

balls of radius (1 + €)v/d exp(ay + €)r;. Thus we have that

exp(aq(f,z) + ...+ ap_1(f, ) + (k — 1)e)

HP (f(A
wl/14) exp((k — D{aw(f,2) + 9)
xd*/? exp(s(og +€))(1+¢€)* er
< (L4 e)°d P exp(¢°(f.x) Zr
< C(h+9).
Since d was arbitrary the proof is complete. U

The next lemma provides a simple method for giving an upper bound
to the Hausdorff dimension of a measure.

Lemma 6. Let pu be a probability measure on Re. If we can find a
sequence of sets A, such that

(1) limy, 0o p(Ay) =1
(2) limy, oo Hj (An) = 0 for a sequence {3, }nen where lim, .o 3, =
0

then it follows that
dimy () < s.
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Proof. We can choose a subsequence { B, },en where p(B,) > 1— (3)"
for all n. Fix t € N and let Y; = N,>;B,,. Observe that

o] 1 n 1 t—1
Y,)>1-— ) =1—|(-= )
sz (5) =1-(5)
For any n > t a cover of B, is also a cover of Y; and so H*(Y;) = 0 thus
implying dimy Y; < s. Furthermore p(UenY;) = 1 and dimy (UzenY;) <
s which is sufficient to complete the proof. O

3. PrRoor or LEMMA 2.

The method of proof of Lemma 2 involves applying Lemma 6. To
begin we need to define a suitable sequence of sets. This will be done
by defining suitable subsets on the shift space, >3, and then projecting
to R%. Recall the definition of n given in (1). Fix ¢ > 0 such that
n+ € < 0. We then choose ¢ such that g*(u) + h(p) = —3e. It is clear
that as € — 0 we have ¢t — s from above. Let Cy > 2td®/2 and choose
N such that

(7) Coe™e < 1 and N9 > 2V/d.

We would next like to choose sets X,, C >, such that any : € X,
satisfies

(1) e N+ < y(fiy, ..., inn]) < e N B=e)

(2) nN(g°(1) =€) < 207 9(0'(8)) < nN(g° (1) + )

(3) log||dfi, o---odfi || < kN(n+e) for all k > [logn].

(4) Let 7, = n?, then we have that II(c™" (i)) € B(0,r,).
We then write A,, = I1X,, . It remain to show that we can choose sets
X,, and in such a way that A, satisfies the conditions of Lemma 6.

Lemma 7. We can find sets X,, satisfying the above hypotheses and
thus
lim v(A,) = 1.

n—oo
Proof. By the definition of v and A,,, to get that v(A,,) — 1 it suffices
to show that p(X,) — 1. Thus it suffices to show that as n — oo the p
measure of sequences satisfying each of the four conditions above will
converge to 1. The fact that sequences satisfying conditions (1) and
(2) have measure tending to 1 follows from the Shannon-Macmillan-
Brieman Theorem and the Birkhoff Ergodic Theorem [5], respectively.
For condition (3), note by the Birkhoff Ergodic Theorem applied to

log 75“) we have that for p-almost all ¢

(8) klggo z log'yé DL -’yé ev) — /logﬁyéj’“)d,u(l =1
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The result then follows since
log [[dfi, © -+ o dfi, || < logys™ -+ 75,
For condition (4) we first note that
ui{i: 11(7) € B(0,r,)} — 1 as n — oo.
Since p is shift invariant it then follows that
pfi - (0™ i) € B(0,7,)} — 1 asn — oo
which is sufficient to complete the proof. O

We now need to consider the second condition from Lemma 6. We
define a sequence {(3,} by

B, = 2/den N,

Fix p as in Lemma 5. For a sequence ¢ € X,, we want to consider the
following set

Bun(i, p) = {i €t (it yinn) = (Ji,- -, Jun) and d (o™ (2), o™ (5)) < %}
where k = logn. An important property of these sets is that for [ €
Bun(i,p) and 0 < j < nN we have that
[(o’) € B{I(o"2), p).
For notational convenience we will write
o) = {i € s ami i) < ik
2
Lemma 8. We can find a finite set Y, C %, with at most

[2\/an2nN log 2 PN (h()+6)
P

+1

points such that
UiEYanN(Z> p) 2 Xn

Proof. By property (1) of X,, each i € X,, satisfies
/’L([ilu s 7ZnN]) Z ean(h(u)Jre)

and hence since p is a probability measure it follows that there are at
most eV (h(+9) choices for the first nN elements of a sequence in X,,.
Fix one of these choices [iy,...,i,x]. Consider

(o™X, N [ir, ..., inn]))

2anog'y2
p

balls of size less than ﬁ. O

and note that we can find a centred covering with at most 2v/dn
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We now use Lemma 5 to estimate the Hausdorfl measure of one of
these sets.

Lemma 9. Fix p as in Lemma 5. Let i € X,,. We have that

iy, ,(T(Buy (1)) < CoCf exp (Z_ gtW(@')) :

=0

Where

nN-1
b, = eXp (Z aq fcﬂ (@)1 UjJrlZ)))

Co = sup H,(B(z,p)

z€R4

Cl — s ds/2
Proof. For 1 < k < N consider the sets

fiyo---ofi  ((Bun(i,p)))

and note that they all have diameter less than p. Thus we can apply
Lemma 5 iteratively n times to get

n—1
Hlfnp(H(BnN(Q p))) < (2tdt/2)n €xp (Z ¢t(fijN+1 ©---0 fi(jﬂ)N’ H(U(jJrl)N(Z)))

x H (IL(By(6™i, p)))

where b,, is as in the statement of the Lemma. By the subadditivity of
¢! and the definition of g* we have that

n—1 nN—1
exp (Z O (fiznar © 0 figrnws H(U(j+1)N(Z))> < exp < > gt(aj@> :
=0

j=0
So if we let
Co = sup H(B(z, p))

z€RI
then we have

nN—1
Hy ,(I(Bun (i, p))) < CoCY exp ( > gs(ffj(i)>
§=0
and the proof is complete. 0

By applying Lemmas 8 and 9 we get a result which shows that the
sets A\, satisfy the conditions to apply Lemma 6.
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Lemma 10. We have that
HL, (M) = O N80
where eN¢ > (1,
tn = (2Vd)"( + )"

and ¢, — 0 as n — oo.

Proof. From Lemma 8 it follows that we can find a subset Y,, = {1(1), iV )} C
X,, where Uy, II(B, (i, p)) 2 A, and j = O(n**NVlog2)enN(rG+e)  Fix.
ing 1 < k < j and applying Lemma 9 to B,N(i®), p) gives that

Hy, o((Ban (i) < CoCY exp ( Z gtw(z’“)) .

However by applying condition 3 of the definition of X, it follows that
b, < c¢,. We can also apply condition 2 to get that

H!, (TI(Bun(i™))) < CoCT exp(nN(g* (1) + €).

cnp

This gives us that

H ,(A) < ) Hp (B (i™))

< O(n2+Nlog72)COO?GnN(h(u)Jrgi(u) — O(n2+N10g72)000?6_nN6.

Since N satisfies the conditions specified by (7) the convergence to 0
of the Hausdorff measure and ¢,, is easy to see. O

Combining Lemmas 10 and 7 completes the proof of Lemma 2.

4. EXAMPLES

We will now give some simple examples in R? to which our results
can be applied.

Example 1. Let fi, fo : R? — R? be defined by

e~ (22
folzy) = (x+1y+1)

If we take p to be (%, %) -Bernoulli measure on Yo and v to be the natural
projection of u then condition (1) is clearly satisfied. Moreover we can
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easily calculate A\i(p) = 3logs and Xo(p) = 3logs. Thus applying,

Theorem 1 we get that

dimn(ﬂ)gmin{ M) M}:Hbﬁ

() e log 3’
since h(p) = log2. In this case since both the matrices were diagonal
the Lyapunov exponents were easy to calculate. Moreover the upper
bounds giwen by Lemma 2 and Theorem 1 are identical. The limit set is
the sector {(z,y) : 0 <y <z} which clearly has Hausdorff dimension
2.

We can consider a small non-linear perturbation of this example. Let
fi. f2 : R? — R? now be defined by

x
fl(x7y> = <§7%)
fa(z,y) = (z(l+esiny)+ 1,y(l +esinz) + 1)
where || > 0 is small. If we again take p to be (%, %) -Bernoulli measure
on Yo and v to be the natural projection of p then h(u) = log2 and we
can use the trivial bounds |\;(p) — 3log 3| < 2log(1+€) and [Xo(p) —

slog 3| < 31og(1+¢€). Thus applying Theorem 1 we get that

: : h(p) h(p) + A1 () log 2 + log(1 + ¢)
dimy(v) < min {_Al(u)’ b Ao (1) } =1+ log 3 — log(1 +¢)

Example 2. Let f1, fo : R?2 — R? be defined by

hew = (54)
el 3y

folz,y) = ( 5 >7+1)

If we again take p to be (%, %)-Bemoulli measure on g and v to be
the natural projection of u then condition (1) is clearly satisfied. More-
over we can easily calculate \y(p) = log @ and Xo(p) = logz. Thus
applying Theorem 1 we get that

. log 3
d =1 =1-34417---.
iy () * 2log 2
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In this case the limit set can be viewed as a measurable graph over the
600

500
400+
300
200+

1001

: 0 ssiid i IV i i i h I W
interval [0, 1}. 0 0.1 02 03 04 05 06 07 08 09 1

Remark. In Example 1, if we change p to the (p,1 — p)-Bernoulli
measure, then as p — 0 the upper bound becomes larger than 2, and
thus gives no useful information. On the other hand, if p — 1 then the
upper bound converges to 0. In the case of Example 2, the system only
contracts on average if p < }ggg As p — 0 the upper bound converges
to 0.

Example 3. Let f1, fo : R?2 — R? be defined by

fi(z,y) = (0.3z+0.2y,0.2z + 0.3y)
folz,y) = (1.22+02y+ 1,01z + 1.2y + 1)

Let 1 on the shift space be the (%, %) -Bernoulli Measure and let v be the
natural projection. In many cases, calculating the Lyapunov exponents
can be an extremely difficult problem, but the upper bound in Lemma
2 remains easier to calculate. By taking iterates of the function it is
possible to improve this estimate and eventually the values will converge
to that given in Theorem 1. For this example, we give below the upper
bounds s,, given by the argument following Lemma 2 for different values

of n.
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Value of n | Upper bound s, on dimension
1 1.4412
2 1.4412
6 1.4410
10 1.4409
18 1.4408
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