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Abstract. Estimates of volcanic source mass flux, currently deduced from3

observations of plume height, are crucial for ash dispersion models for avi-4

ation and population hazard. This study addresses the role of the atmospheric5

wind in determining the height at which volcanic plumes spread in the at-6

mosphere and the relationship between source mass flux and plume height7

in a wind field. We present a predictive model of volcanic plumes that de-8

scribes the bending over of the plume trajectory in a cross-wind and show9

that model predictions are in accord with a dataset of historic eruptions if10

the profile of atmospheric wind shear is described. The wind restricts the rise11

height of volcanic plumes such that obtaining equivalent rise heights for a12

plume in a windy environment would require an order of magnitude increase13

in the source mass flux over a plume in a quiescent environment. Our model14

calculations are used to calibrate a semi-empirical relationship between the15

plume height and the source mass flux that explicitly includes the atmospheric16

wind speed. We demonstrate the model can account for the variations in plume17

height observed during the first explosive phase of the 2010 Eyjafjallajökull18

eruption using independently measured wind speeds, and show that changes19

in the observed plume height are better explained by changing meteorology20

than abrupt changes in the source mass flux. This study shows that, unless21

the wind is properly accounted for, estimates of the source mass flux dur-22

ing an explosive eruption are likely to be very significant under-predictions23

of the volcanic source conditions.24
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1. Introduction

A major hazard arising from explosive volcanic eruptions is the injection of volcanic ash25

into the atmosphere, and its subsequent dispersion and deposition. The largest eruptions26

can inject large volumes of ash at stratospheric levels which have been responsible for27

global temperature changes and ash deposition over thousands of square kilometers with28

major infrastructural and societal impacts [Self , 2006].29

The weakly-explosive phase of the 2010 eruption of Eyjafjallajökull (magnitude volcanic30

explosivity index [Newhall and Self , 1982] of 3) caused significant disruption to aviation31

over European airspace, highlighting the severe and extensive consequences of smaller32

eruptions to international infrastructure and transport. Modern commercial jet engines33

are susceptible to damage from low concentrations of ash, and airframes can be subject34

to abrasion from the suspended particulates. Prior to the 2010 Eyjafjallajökull eruption,35

the International Civil Aviation Organization (ICAO) adopted a precautionary policy of36

ash avoidance, with no concentration of ash in the atmosphere considered safe for aircraft.37

However, the disruption to transatlantic and European aviation during the first week of38

explosive activity at Eyjafjallajökull (14 – 18 April 2010) led to a relaxation of this policy39

in Europe, with the U.K. Civil Aviation Authority (CAA) and Eurocontrol introducing40

ash concentration thresholds for commercial air traffic [Bonadonna et al., 2012]. Ash41

concentrations below 2mgm−3 are considered safe for flights [ICAO , 2010; CAA, 2011;42

Langmann et al., 2012], while flight operations at higher concentrations require a Safety43

Case accepted by national regulators [CAA, 2011]. Typically, Safety Cases have been44

accepted for ash concentrations up to 4mgm−3 [CAA, 2011]. The introduction of ash45
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concentration levels place increased demands on atmospheric ash dispersion modeling for46

airspace management during volcanic crises [Bonadonna et al., 2012]. Crucial components47

of forecasts of the movement of ash in the atmosphere are the level of neutral buoyancy of48

the volcanic plume in the stratified atmosphere (the ‘plume height’), and the mass flux of49

material released from the volcano. Accurately determining these source conditions is an50

essential requirement for airspace management during volcanic crises [Bonadonna et al.,51

2012].52

The source mass flux of a volcanic plume is currently impossible to measure directly,53

but is fundamentally related to the plume height as a result of the dynamics of buoyant54

plume rise in the atmosphere [Morton et al., 1956]. This has led to inversion methods to55

estimate the source mass flux based on the approximate quarter-power relationship to the56

plume height in a density-stratified environment such as the atmosphere [Morton et al.,57

1956; Wilson et al., 1978; Sparks , 1986; Sparks et al., 1997; Mastin et al., 2009]. A small58

dataset of historic eruptions where the source duration, total erupted mass and plume59

neutral buoyancy height are known has been used to calibrate this relationship [Wilson60

et al., 1978; Sparks , 1986; Sparks et al., 1997; Mastin et al., 2009]. This dataset (and61

the calibrated plume height–mass flux relationship) is inevitably biased by the dispropor-62

tionate number of large eruption events, for which volcanic ash deposits are more easily63

assessed, while there is less data available for the more frequent yet smaller eruptions.64

Furthermore, plumes from smaller eruptions are more strongly affected by atmospheric65

conditions, in particular atmospheric winds, during the ascent of material in the atmo-66

sphere. Wind affected volcanic plumes are therefore under-represented in the historical67

eruption dataset, so application of calibrated inversion methods to lower source mass flux68
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plumes produced by smaller magnitude volcanic activity could be significantly in error.69

We have re-analyzed the historic eruption dataset and find that volcanic plume height70

depends systematically on atmospheric wind speed for a given source flux, and have ex-71

plored the underlying relationships using an integral modeling approach accounting for72

the thermodynamic exchange of heat between volcanic ash, volcanic gas and entrained73

atmospheric air, and the entrainment of horizontal momentum due to the atmospheric74

wind [Hewett et al., 1971; Bursik , 2001].75

The key physical process controlling the ascent of a turbulent buoyant plume is the76

entrainment of environmental fluid into the body of the plume by turbulent eddies on the77

plume margins. Turbulence within the plume then efficiently mixes the entrained fluid,78

altering the density contrast between the plume and the surrounding environment. In a79

stratified environment the plume density may eventually match that of the environment,80

at which point the vertical component of the buoyancy force on the plume vanishes. This81

is the level of neutral buoyancy. Inertia causes the plume to rise above this level of neutral82

buoyancy, and the plume density here exceeds the environment. The material in the plume83

therefore falls back and begins to spread laterally about the level of neutral buoyancy.84

Integral models of turbulent buoyant plumes [Morton et al., 1956] represent the entrain-85

ment process through a simple entrainment velocity which, in the most basic models, is86

linearly proportional to the centerline velocity of the plume with the coefficient of pro-87

portionality known as the entrainment coefficient, here denoted by ks. Such models have88

been utilized widely to quantitatively describe the rise of industrial and environmental89

plumes [Woods, 2010]. An integral model of volcanic eruption columns can be formulated90
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by explicitly including a description of the thermodynamics of heat transfer between solid91

pyroclasts, magmatic gases and entrained air [Woods , 1988].92

Plume rise in a cross-wind has been modelled by including momentum conservation93

in the horizontal direction as well as the vertical [Hewett et al., 1971]. The wind-driven94

plume model introduces an additional entrainment coefficient, denoted here by kw, which95

parameterizes the entrainment parallel to the plume as it bends over in the cross-wind.96

Together, these models can be used to describe the rise of volcanic eruption columns in a97

wind field [Bursik , 2001; Degruyter and Bonadonna, 2012].98

Eyjafjallajökull is a stratovolcano on the south coast of Iceland, with a summit at99

1666m above sea level [Siebert and Simkin, 2002-2012]. The 2.5 km-wide summit caldera100

is covered by ice around 200m (and up to 400m) thick [Magnússon et al., 2012]. The101

explosive phases of the Eyjafjallajökull eruption began on 14th April 2010 beneath the102

ice cover. Volcano–ice interactions rapidly melted through the ice cover, with distinct103

cauldrons forming during 14–16 April [Magnússon et al., 2012]. An ash-poor plume from104

Eyjafjallajökull was observed on the morning of 14th April [Arason et al., 2011; Höskulds-105

son et al., 2011; Magnússon et al., 2012], with a dark ash-rich plume rising from around106

1830 UTC on 14th and continuing until 18th April. The volcano–ice interaction during the107

first explosive phase (14–17 April) produced very fine-grained ash [Dellino et al., 2012].108

Between 18th April and 4th May the eruption intensity fell, but explosive activity resumed109

on 5th May and continued with a varying intensity until 18th May (the second explosive110

phase) [Gudmundsson et al., 2011; Höskuldsson et al., 2011] producing fine-grained ash-111

rich plumes. From 18th May the eruption intensity declined, with continuous activity112

ending on 22nd May 2010. Some of the fine-grained ash, produced predominately dur-113
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ing the first explosive phase and the early part of the second explosive phase (5–7 May)114

[Stevenson et al., 2012], was carried over large distances by atmospheric winds, although115

most was deposited near to the volcano as aggregates [Bonadonna et al., 2011; Stevenson116

et al., 2012].117

In section 2 we derive an integral model to describe volcanic plumes, composed of118

solid pyroclasts, magmatic gases and entrained air, rising in a windy atmosphere. We119

demonstrate that the predictions of the integral model for the dependence of the plume120

rise height on the source mass flux adequately describe observations from the historical121

record when wind shear is included in the integral model. The integral model predictions122

are used to calibrate a new semi-empirical relationship, akin to those of Sparks et al. [1997]123

and Mastin et al. [2009], that explicitly includes the atmospheric wind speed. In order124

to assess the role of phase changes of water and the release of latent heat on the ascent125

of wind-blown volcanic plumes, we derive an integral model of moist volcanic plumes in126

a windy, moist atmosphere in section 3. We discuss the implications of our modeling127

in sections 4 and 5. In section 4 we compare results of our integral plume models to a128

time series of observed plumes rise heights during the first explosive phase of the 2010129

Eyjafjallajökull eruption. We demonstrate that the inclusion of atmospheric wind in the130

integral plume model allows observed variations in plume height to be described, with131

significant implications for the estimation of the source mass flux. We then comment132

on the consequences of our results for ash dispersion modeling and aviation, and on the133

estimation of the source mass flux for explosive volcanic eruptions, in section 5. Finally,134

in section 6 we present some concluding remarks.135
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2. Integral Model of Dry Volcanic Eruption Columns in a Cross-wind

An integral model for a steady volcanic eruption column in a wind field can be derived136

by combining an integral model of pure plumes in a horizontal wind [Hewett et al., 1971]137

with an integral model of volcanic eruption columns in a quiescent atmosphere [Woods,138

1988]. The volcanic plume model of Woods [1988] extends the classical integral model of139

turbulent buoyant plumes [Morton et al., 1956] to include essential features of volcanic140

eruption columns. In particular, aspects of the multiphase character of the plume, which141

is a mixture of solid pyroclasts and gases, and the thermodynamics of heat exchange142

between these phases are included in the mathematical description of the plume.143

The mathematical model presented here shares the same entrainment formulation144

[Hewett et al., 1971] as that applied by Bursik [2001] to volcanic plumes. However, while145

Bursik [2001] adopts the quiescent plume model of Glaze and Baloga [1996], our model146

utilizes the formulation of Woods [1988] which additionally incorporates the influence of147

the solid pyroclasts on the bulk plume properties (i.e. the plume density and heat ca-148

pacity), and so is applicable for large explosive eruptions where the solids content of the149

plume near the vent is high and the heat content of the pyroclasts and transfer of heat150

from solids to entrained air has an important effect on the plume dynamics [Woods, 1988;151

Sparks et al., 1997]. The model of Woods [1988] neglects the contribution of the adiabatic152

cooling of the gas phase in the energy conservation equation that appears in the model153

of Glaze and Baloga [1996] for vapour plumes. The adiabatic cooling term [Glaze and154

Baloga, 1996] is typically much smaller than the cooling produced by the entrainment of155

ambient atmospheric air, so makes only a small contribution to the heat budget. Further-156

more, it is not clear how the presence of solid pyroclasts affects this adiabatic cooling,157

D R A F T October 1, 2012, 7:09am D R A F T



WOODHOUSE ET AL.: VOLCANIC PLUMES AND WIND X - 9

particularly at high solids concentration near to the vent. While a significant proportion158

of the gas issuing from volcanic vents is water vapour [Sparks et al., 1997], in this section159

we assume there is no change of phase of the water vapour, an assumption that is relaxed160

in section 3 where we develop an extension of the dry wind-blown plume model to describe161

the moisture content of the plume and surrounding environment.162

Models of the fallout of pyroclasts from the rising plume have been proposed for plumes163

in quiescent environments [Ernst et al., 1996; Woods and Bursik , 1991; Sparks et al.,164

1997]. However, it is not currently known how the interaction with the wind modifies165

the empirical settling models [Ernst et al., 1996; Bursik , 2001] that are used to describe166

sedimentation of particles from plumes rising in quiescent environments. Plumes models167

which include particle fallout in quiescent environments have shown that the loss of mass168

associated with fallout has only a small effect on the rise height attained by buoyant169

plumes unless fallout occurs before pyroclasts have thermally equilibrated with the gases170

in the plume [Woods and Bursik , 1991; Sparks et al., 1997]. For eruptions producing171

pyroclasts larger than a few millimeters there is a significant relaxation time to thermal172

equilibrium and pyroclasts may fall out before thermal equilibrium is reached, reducing the173

supply of heat (and therefore buoyancy) to the eruption column [Woods and Bursik , 1991;174

Sparks et al., 1997]. Therefore, for coarse-grained eruption columns, particle fallout may175

play an important role in determining the plume rise height. In contrast, since thermal176

equilibrium occurs rapidly for small grain sizes (within 1 km of the vent for pyroclasts177

of diameter up to approximately 0.4 cm ejected at 100ms−1) [Woods and Bursik , 1991;178

Sparks et al., 1997], the fallout of pyroclasts has little effect on fine-grained eruption179

columns. We expect thermal equilibration of the fine-grained pyroclasts and the gases180

D R A F T October 1, 2012, 7:09am D R A F T



X - 10 WOODHOUSE ET AL.: VOLCANIC PLUMES AND WIND

to also occur rapidly in a wind-blown plume, so expect the fallout of pyroclasts to have181

only a secondary effect on the rise height attained by the plume. We therefore neglect the182

fallout of pyroclasts in our model.183

The entrainment of environmental air into the body of the plume through the action of184

turbulent eddies is parameterized empirically by an entrainment velocity that is directed185

normal to the local plume axis (Figure 1). In a windy environment, where the plume186

trajectory deviates from the vertical, the entrainment velocity has contributions from the187

differential velocities tangential and normal to the axis of the plume. This can be modelled188

[Hewett et al., 1971] with an entrainment velocity given by189

Ue = ks |U − V cos θ|+ kw |V sin θ| , (1)190

where U is the axial centerline velocity of the plume, V is the horizontal velocity of191

the wind, θ is the local angle of the plume axis to the horizontal, ks is the entrainment192

coefficient due to the motion of the plume relative to the environment, and kw is the193

entrainment coefficient due to the alignment of the wind field with the local normal to194

the plume axis. In the absence of atmospheric wind, V = 0, the entrainment velocity (1)195

reduces to Ue = ksU , and therefore ks is the entrainment coefficient for plumes rising in196

a quiescent environment [Morton et al., 1956; Woods, 1988]. When incorporated into an197

integral model of buoyant plumes in a uniform cross-wind, this form for the entrainment198

velocity (1) is able to reproduce plume trajectories observed in laboratory experiments199

[Hewett et al., 1971].200

A mathematical description of the variation of the steady eruption column with distance201

from the volcanic source is formulated in a plume-centered coordinate system within a202

Cartesian frame of reference (Figure 1). We let z denote the height of the plume, x203
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denote the distance from the vent in the downwind direction and s denote the curvilinear204

distance from the vent along the centerline of the plume. Therefore x and z are related205

to s through,206

dx

ds
= cos θ,

dz

ds
= sin θ. (2)207

Turbulence within the body of the plume ensures the material remains well mixed, and208

properties of the eruption column can be described by time-averaged bulk quantities,209

with the time-averaging performed over a time interval greater than the eddy-turnover210

time [Woods , 1988]. The bulk density of the plume, denoted by ρ(s), varies due to the211

entrainment, mixing and expansion of atmospheric air, which has density ρa. The bulk212

temperature of the column is denoted by T (s), while the atmospheric temperature is213

Ta. Equations describing the variation of ρ(s), U(s) and T (s) are derived by considering214

conservation of mass, momentum and energy in cross-sections normal to the plume axis215

with area A and boundary Ω (Figure 1). Neglecting the fallout of solid pyroclasts from216

the column, the mass of the column increases due to the entrainment of atmospheric air217

at the boundary of the plume, so mass conservation demands218

d

ds

∫
ρU dA =

∮
ρaUe dΩ. (3)219

An equation for the conservation of vertical momentum can be written using Newton’s220

second law, with the change in vertical momentum balancing the buoyancy force,221

d

ds

∫
ρU2 sin θ dA =

∫
g (ρa − ρ) dA. (4)222

Here it is assumed that deviations of the vertical pressure gradient from hydrostatic and223

stresses are negligible. The horizontal momentum of the column changes only due to the224

entrainment of fluid from the windy environment, so conservation of horizontal momentum225
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can be written226

d

ds

∫
ρU2 cos θ dA =

∮
ρaUeV dΩ. (5)227

It is most convenient to formulate the total energy of the eruption column at distance228

s in terms of the bulk enthalpy of the plume material [Woods, 1988], as the work done229

in expanding gaseous phases due to temperature or pressure changes is then included.230

The total energy of the plume is the sum of the bulk enthalpy, kinetic energy and po-231

tential energy, and the total energy changes due to the entrainment of atmospheric fluid.232

Conservation of energy is therefore given by,233

d

ds

∫
ρ

(
CpT +

U2

2
+ gz

)
U dA234

=
∮
ρa

(
CaTa +

U2
e

2
+ gz

)
Ue dΩ, (6)235

where Cp and Ca are the specific heat capacities at constant pressure of the bulk plume236

and the atmospheric air, respectively.237

If we assume top-hat profiles for ρ, U and T (i.e. these quantities have constant values238

within the plume and vanish outside the plume boundary) and that cross-sections of the239

plume normal to the axis are circular with radius R(s), then the integrals in (3)–(6) can240

be evaluated to give,241

d

ds

(
ρUR2

)
= 2ρaUeR, (7)242

d

ds

(
ρU2R2 sin θ

)
= (ρa − ρ) gR2, (8)243

d

ds

(
ρU2R2 cos θ

)
= 2ρaUeRV, (9)244

d

ds

(
ρUR2

(
CpT +

U2

2
+ gz

))
245

= 2ρaRUe

(
CaTa +

U2
e

2
+ gz

)
. (10)246
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Other profiles, for example Gaussian distributions, could be adopted to describe the vari-247

ation of density, velocity and temperature within the plume. However, adopting such248

profiles has little effect on the predictions of plume models in quiescent environments if249

the value of the entrainment coefficient is appropriately adjusted [Kaye, 2008].250

The mass flux πQ, axial momentum flux πM , and the enthalpy flux πE of the eruption251

column are defined as252

Q = ρUR2, M = ρU2R2, E = ρUR2CpT. (11)253

The system of equations (7)–(10) can be combined to give,254

dQ

ds
= 2ρaUe

Q√
ρM

, (12)255

dM

ds
= g (ρa − ρ)

Q2

ρM
sin θ + 2ρa

Q√
ρM

UeV cos θ, (13)256

dθ

ds
= g (ρa − ρ)

Q2

ρM2
cos θ − 2ρa

Q

M
√
ρM

UeV sin θ, (14)257

dE

ds
=

(
CaTa +

U2
e

2

)
dQ

ds
+

M2

2Q2

dQ

ds
258

−ρa
ρ
Qg sin θ − 2ρa

√
M

ρ
UeV cos θ, (15)259

where260

Ue = ks

∣∣∣∣∣MQ − V cos θ

∣∣∣∣∣+ kw |V sin θ| . (16)261

The bulk density of the plume is related to the density of the solids pyroclasts, ρs, and262

the density of the gaseous phase [Woods, 1988] as263

1

ρ
=

1− n

ρs
+

nRgT

Pa

, (17)264

where n is the mass fraction of gas, Pa is the pressure of the atmosphere, and Rg is the265

bulk gas constant of the plume. Note in (17) it is assumed that the pressure in the plume266

is instantly equilibrated with the atmospheric pressure. Conservation of solid pyroclasts,267
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with no particle fallout, allows the gas mass fraction to be determined as268

n = 1− (1− n0)
Q0

Q
, (18)269

where zero subscripts denote quantities at the vent. The bulk gas constant and bulk heat270

capacity at constant pressure can then be determined [Woods, 1988; Scase, 2009] with271

Rg = Ra + (Rg0 −Ra)
n0 (1− n)

n (1− n0)
, (19)272

Cp = Ca + (Cp0 − Ca)
(1− n)

(1− n0)
, (20)273

where Ra and Ca are the gas constant and heat capacity at constant pressure of the air,274

respectively. We assume that the magmatic gas at the vent is composed predominately275

of water vapour so take the bulk gas constant at the source to be the gas constant of276

water vapour, Rg0 = Rv, and the bulk specific heat capacity to be given by Cp0 =277

n0Cv + (1− n0)Cs, where Cv and Cs are the specific heat capacities at constant pressure278

of water vapour and the solid pyroclasts, respectively.279

If observations of the atmospheric temperature and pressure are known they can be280

utilized in the plume model, with interpolation between data points used to approximate281

the atmospheric conditions at points of integration. Here we use linear interpolation as282

this does not introduce possibly spurious local extrema in the atmospheric fields. In the283

absence of atmospheric observations, we adopt the U.S. Standard Atmosphere [COESA,284

1976] to describe the atmospheric temperature and pressure fields, with the atmospheric285

temperature given by286

Ta(z) =


Ta0 − µz, for z < H1,
Ta0 − µH1, for H1 ≤ z ≤ H2,
Ta0 − µH1 + λ (z −H2) , for z > H2,

(21)287

where Ta0 is the temperature at sea level, µ and λ are the lapse rates of temperature in288

the troposphere and stratosphere, respectively, H1 is the altitude at which the tropopause289
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begins, and H2 is the altitude at which the stratosphere begins. Note the temperature in290

the Standard Atmosphere decreases linearly in the troposphere, and increases linearly in291

the stratosphere. The atmospheric pressure in the Standard Atmosphere is assumed to292

be hydrostatic [Gill , 1982],293

dPa

dz
= − gPa

RaTa

. (22)294

The density of the atmosphere is found by assuming the atmospheric gases behave as ideal295

gases, so296

ρa =
Pa

RaTa

. (23)297

The mathematical model is completed by providing closure relations for the entrain-298

ment coefficients. Typically, the entrainment coefficient for buoyant plumes in quiescent299

environments is taken to be a constant, with ks ≈ 0.09. However, there is some evidence300

from laboratory experiments that ks is not constant [Kaye, 2008] but varies towards a301

constant value as the plume evolves towards a self-similar form [Kaminski et al., 2005;302

Carazzo et al., 2006]. The variation in the entrainment coefficient is related to the profiles303

of plume velocity, buoyancy and turbulent shear stress within the plume, and an empirical304

expression for the entrainment coefficient has been determined for plumes in a quiescent305

environment [Carazzo et al., 2006]. In a cross flow it is likely that these profiles are altered.306

However, there has been no investigation of the detailed influence of the wind on the vari-307

ation of the entrainment coefficient. We therefore adopt a simple model [Woods, 1988]308

to represent the variation of the entrainment coefficient as the eruption column develops309

from a momentum-driven jet near the vent to a buoyant plume, with the eruption column310

separated into distinct regions. In the near-source region the material issuing from the311

D R A F T October 1, 2012, 7:09am D R A F T



X - 16 WOODHOUSE ET AL.: VOLCANIC PLUMES AND WIND

vent is more dense than the atmosphere due to the high concentration of particulates and312

is driven upwards as a dense jet. The entrainment coefficient in this gas-thrust region is313

a function of the density contrast [Woods, 1988] and is taken to be ks =
√
ρ/ρa/16. The314

entrainment of atmospheric air in the gas-thrust region reduces the bulk density of the315

eruption column and may lead to the column becoming buoyant. In this buoyant region316

we take the entrainment coefficient ks = 0.09. There have been fewer investigations of317

appropriate entrainment models for plumes in a cross-wind. A study of the sensitivity318

of model predictions for the rise height of volcanic plumes in a wind field to the values319

assigned to the entrainment coefficients [Barsotti et al., 2008] has shown that variation320

in the entrainment coefficients, within the range 0.09 ≤ ks ≤ 0.15 and 0.6 ≤ kw ≤ 1.0321

suggested by experimental investigations, results in significant changes in the calculated322

plume heights. Here we take a constant entrainment coefficient kw = 0.9 determined from323

a series of laboratory experiments [Hewett et al., 1971].324

Examples of solutions of the integral model for volcanic plumes in a cross-wind, with325

atmospheric conditions modelled with the U.S. Standard Atmosphere and parameters326

given in Table 1, are shown in Figure 2. Initial conditions for the integration of the327

governing equations are given in Table 2. The atmospheric wind profile is modelled with328

a constant wind shear up to the tropopause, with constant wind speed V1 above,329

V (z) =

{
V1z/H1, for z < H1,
V1, for z ≥ H1.

(24)330

The solutions demonstrate increasingly bent-over plume trajectories as the wind speed V1331

increases. Furthermore, the enhanced entrainment of environmental fluid into a plume332

rising in a wind field results in a more rapid rate of decrease in the density contrast333

between the plume and the atmosphere, and the rise height of the plume in a cross-334
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wind is consequently reduced. Note, here we have not considered rotation of the wind335

field. The integral plume model can be extended to include changing wind direction by336

introducing a third coordinate axis, the azimuthal wind angle, and an additional equation337

for the conservation of momentum along this third axis. An examination of solutions to338

the integral model in wind fields with varying direction (not shown here) suggest than339

rotation of the wind vector has little effect on the rise height of volcanic eruption columns340

since the entrainment velocity is dependent on the wind speed, but not on the wind341

direction, and a changing wind direction usually does not add significantly to the length342

of the trajectory of the ascending plume.343

2.1. Comparison of Model Predictions to Observations

We have re-analyzed the record of plume rise height and mass flux of historic eruptions344

[Sparks et al., 1997; Mastin et al., 2009] to investigate the effect of atmospheric wind.345

For some of the eruptions in the dataset, typical wind-speeds at the time of the eruption346

(as recorded on the Smithsonian Institution Global Volcanism Program database [Siebert347

and Simkin, 2002-2012]) can be estimated from ECMWF reanalysis meteorological data348

(ECMWF ERA-Interim data have been obtained from the ECMWF Data Server) (Figure349

3). There is a degree of scatter in the data, some of which could be attributed to varying350

atmospheric conditions, for example the variation in atmospheric lapse rates and altitude351

of atmospheric layers with latitude, which are known to influence rise heights of volcanic352

plumes [Woods, 1995; Sparks et al., 1997]. In addition, by adopting the wind speed at a353

single altitude to characterize the atmospheric wind conditions, we are unable to describe354

atmospheric wind structures, such as jet streams, which may have a significant influence355

on the ascent of the plume [Bursik , 2001; Bursik et al., 2009]. However, despite these356
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limitations, we find that the dataset records a systematic dependence of volcanic plume357

height on atmospheric wind-speed for a given source mass flux (Figure 3). In particular,358

at high wind speeds in excess of 30ms−1 plume heights tend to be limited to altitudes359

below 15 km.360

The predictions of our model for the variation of plume height with source mass flux361

for increasing atmospheric wind speed are shown in Figure 3. Here the atmospheric wind362

is modelled as a linear shear flow in the tropopause with constant wind speed above363

(24) and the atmospheric temperature is described using the U.S. Standard Atmosphere364

(21) [COESA, 1976]. A range of exit velocities and vent radii are employed as given365

in Table 3 together with the other model parameter values used. The model predictions366

reproduce the expected quarter-power scaling between the rise height and the source mass367

flux, particularly for large source mass flux. A deviation from the approximate quarter-368

power scaling is observed for smaller source mass flux, which is particularly apparent for369

low wind speeds, when the plumes reach the tropopause where there is a discontinuous370

change in the atmospheric lapse rate. If a constant wind speed is adopted in the volcanic371

plume model, the model over-predicts the reduction in plume rise height for a specified372

source mass flux when compared to the observations (these calculations are not shown373

here). However, when the vertical profile of wind shear is accounted for there is improved374

agreement between the model predictions and the observational dataset (Figure 3).375

Curve fits calibrated to observations of historical eruptions [Sparks et al., 1997; Mastin376

et al., 2009] (Figure 3) do not explicitly account for cross-winds on the rise of volcanic377

plumes. Figure 3 demonstrates the strong influence of atmospheric winds on the ascent of378

volcanic plumes. For small and moderately sized eruptions, a strong cross-wind can limit379
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the plume rise height such that the source mass flux estimated using the calibrated curve380

fits [Sparks et al., 1997; Mastin et al., 2009] are under-predicted by an order of magnitude381

[see also Bursik , 2001].382

2.2. Relating Mass Flux and Rise Height for Wind-blown Plumes

The transition from strong plumes that are little affected by the wind field during their383

ascent, to weak plumes with trajectories that are strongly bent over can be quantified384

using a dimensionless parameter385

Wp =
k1/2
s V[

g
ρa0

(
CpT−CaTa

CaTa

)
Q
]1/4

N1/4
, (25)386

where V is a representative wind speed, ρa0 is the density of the plume at the source, T387

and Ta are the temperature of the plume and environment, respectively, at the source, Cp388

and Ca are the specific heat capacities at constant pressure of the plume and environment,389

respectively, g is the acceleration due to gravity, and N is the buoyancy frequency of the390

atmosphere. The parameter Wp represents the ratio of the horizontal wind speed to the391

vertical buoyant rise speed, assuming the wind speed is uniform with altitude. However,392

taking a uniform wind may not be representative of atmospheric winds. The atmospheric393

wind can be usefully approximated as a linear shear flow in the lower atmosphere, taking394

V (z) = γ̇z where γ̇ is the shear rate and z is the height in the atmosphere. In a shear395

flow, dimensional analysis shows the appropriate dimensionless parameter measuring the396

strength of the wind field is397

Ws =
γ̇

N
=

V1

NH1

, (26)398

where V1 = V (H1) is the wind speed at a reference altitude H1 (e.g. at the tropopause) (see399

also Appendix A). We note the dimensionless parameter Ws depends only on properties400
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of the atmosphere and is independent of the plume source conditions. The parameter Ws401

can be interpreted as the ratio of the time scale of vertical motions, given by 1/N , to the402

timescale of horizontal motions, 1/γ̇. Thus, for Ws ≫ 1 horizontal motion of a parcel of403

fluid in the plume, induced by the wind, occurs on shorter time scales than the vertical rise404

of the parcel in the plume and so the plume trajectory bends over in the wind, while for405

Ws ≪ 1 the vertical motion occurs on a shorter time scale than the horizontal motion and406

there is little deviation of the plume trajectory from the vertical. A similar dimensionless407

parameter has been identified by Degruyter and Bonadonna [2012], where the column408

averaged wind speed and buoyancy frequency are adopted. Here a local wind speed and409

reference height are taken in order to represent the vertical shear profile of the atmospheric410

wind. Solutions of the integral plume model in a cross-wind demonstrate the controlling411

influence of Ws (Figure 2). For explosive eruptions of the magnitude of Eyjafjallajökull412

2010 and a wind speed of V1 = 40ms−1 at H1 = 10 km the parameter Ws = 0.4, taking an413

atmospheric buoyancy frequency N = 0.01 s−1. In order to obtain weak plumes, Ws > 1,414

very strong wind shear or weak atmospheric stratification is required. However, variations415

in the vertical rise speed, wind speed and temperature profile cause local variations in the416

plume strength. In particular, as the plume decelerates as it nears the level of neutral417

buoyancy, the wind field will inevitably cause a bending over of the plume trajectory as418

the maximum altitude is approached (Figure 2). Furthermore, it is not appropriate to419

represent the wind profile as a linear shear throughout the atmosphere, and for larger420

eruptions, with plumes that ascend above the troposphere, there may be interaction with421

jet streams where the wind speed is locally high [Bursik , 2001; Bursik et al., 2009]. While422

any profile of the wind could be used, for small and moderately-sized eruptions that do423
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not rise significantly above the troposphere and where the wind field can be taken to424

increase linearly with altitude, the parameter Ws is appropriate to assess the strength of425

the wind.426

An estimate of the effect of the shear rate on the rise height of volcanic plumes can427

be obtained from a simple integral model of pure plumes rising in a linear shear cross428

flow, as described in Appendix A. In the pure plume model the multiphase character429

of volcanic plumes and the thermodynamics of the gas expansion are not considered.430

Furthermore, the atmosphere is assumed to be uniformly stratified. Numerical solutions431

for pure plumes in a linear shear flow can be readily calculated and the rise height of pure432

plumes determined (Figure 4). From the numerical solutions (as detailed in appendix A),433

a rational function approximation can be used to describe the effect of the parameter Ws434

on the rise height. We find the rise height above the vent is well described by435

H ≈ H0
1 + 1.373Ws

1 + 4.266Ws + 0.3527Ws
2 , (27)436

where H0 is the rise height of a pure plume in a quiescent environment. This approximation437

adequately reproduces the numerical solution of the pure plume model for Ws < 5 (Figure438

4), so the approximation is appropriate for typical atmospheric conditions.439

An approximation of the rise height for volcanic plumes in a quiescent atmosphere that440

remain within the troposphere can be found from a fit to data obtained from the integral441

plume model in a Standard Atmosphere as442

H0 ≈ 0.318Q0.253, (28)443

for rise height H0 measured in km and source mass flux Q measured in kg s−1, which is444

similar to the expressions obtained from fits to observational data [Sparks et al., 1997;445
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Mastin et al., 2009] and the power-law scaling is close to the one-quarter power expected446

from dimensional analysis. The prefactor in (28) is determined from solutions of the447

integral model using the parameters given in Table 1 and the source conditions given in448

Table 3, and has a dependence on the source conditions, in particular the temperature449

contrast between the plume and the atmosphere. The influence of the model parameters450

and source conditions can be assessed by determining the power-law scaling (28) from451

model calculations in quiescent environments, or, alternatively, by using an approximate452

scaling law relationship for the rise height of volcanic plumes in a quiescent atmosphere453

as a function of the model parameters and source conditions [see e.g. Wilson et al., 1978;454

Settle, 1978; Woods , 1988; Sparks et al., 1997; Degruyter and Bonadonna, 2012] given by455

H0 ≈
0.0013√

ks

(
g (Cp0T0 − CaTa0)

ρa0CaTa0

)1/4

N−3/4Q1/4, (29)456

for H0 measured in km.457

Assuming the shear rate of the atmospheric wind is constant in the troposphere, the458

shear rate can be written as γ̇ = V1/H1, where H1 is the height of the tropopause and459

V1 = V (H1) is the wind speed at the tropopause. A functional approximation for the460

height of rise (above the vent) of volcanic plumes in a constant shear wind field, which461

remain in the troposphere, with the wind speed explicitly included can be constructed by462

combining equation (27) with (28) to give463

H = 0.318Q0.253 1 + 1.373W̃s

1 + 4.266W̃s + 0.3527W̃2
s

, (30)464

with W̃s = 1.44V1/(NH1), where the dimensionless constant here is chosen by fitting to465

numerical solutions of the dry volcanic plume model with constant wind shear in a Stan-466

dard Atmosphere. During the first explosive phase of the Eyjafjallajökull eruption, 14–17467
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April 2010, the wind parameter is estimated to take values in the range 0 < W̃s < 1.1468

(Figure 4), where the wind speed at a height H1 = 7km has been taken as representative469

of the wind conditions. The approximation given in equation (30) well describes the rise470

heights calculated using the integral volcanic plume model for eruption columns which re-471

main within the troposphere, at altitudes below 11 km (Figure 5). Above the tropopause472

the wind field is modelled with a uniform wind speed and the atmospheric stratification473

in the Standard Atmosphere changes, and therefore the simple approximation in equation474

(30) inevitably deviates from the model predictions.475

The semi-empirical relationship given by equation (30) is similar to the relationship476

between source mass flux and plume height in a wind field proposed by Degruyter and477

Bonadonna [2012]. However, whereas the relationship of Degruyter and Bonadonna [2012]478

is based on a linear combination of asymptotic results for plume rise in a quiescent at-479

mosphere and for a plume which immediately bends over in a strong uniform wind field,480

the relationship (30) is obtained from a consideration of pure plumes rising in a linear481

shear cross-wind in the intermediate regime where the plume rise speed and wind speed482

are comparable.483

3. Integral Model of Moist Volcanic Eruption Columns in a Cross-wind

The addition of water vapour into the eruption column, either from entrainment of484

moist atmospheric air during the ascent of the plume or from the evaporation of surface485

water at the vent, can have a significant effect on the height of rise of the column [Woods,486

1993; Koyaguchi and Woods, 1996; Sparks et al., 1997; Mastin, 2007]. Water vapour in the487

column at low altitude is transported to higher altitudes where the column may become488

saturated with respect to water vapour and the water vapour will then condense to liquid489
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water or ice, releasing latent heat to the column, increasing the column temperature490

and promoting the rise of the plume. For phreatomagmatic eruptions, such as the first491

explosive phase of the 2010 Eyjafjallajökull eruption [Höskuldsson et al., 2011; Magnússon492

et al., 2012], there could be a significant incorporation of melt water into the eruption493

column at the source, decreasing the temperature of the plume at the source and increasing494

the gas content and moisture loading of the eruption column [Koyaguchi and Woods, 1996].495

The moisture content of an eruption column can be included in an integral model of496

volcanic plumes [Morton, 1957; Woods, 1993; Koyaguchi and Woods, 1996; Glaze et al.,497

1997; Mastin, 2007; Degruyter and Bonadonna, 2012] by accounting for phase changes498

of the water within the column and the effect of phase changes on the energy budget.499

Here we follow the formulation of Woods [1993] [see also Sparks et al., 1997]. In con-500

trast, Degruyter and Bonadonna [2012] adopt the formulation of Glaze et al. [1997] which501

additionally includes an adiabatic cooling of the gaseous phases appropriate for vapour502

plumes. However, the equation for the conservation of heat flux presented by Degruyter503

and Bonadonna [2012] is obtained from the Glaze et al. [1997] conservation of energy equa-504

tion assuming that the heat capacity of the atmosphere is independent of the moisture505

content of the atmosphere, and the bulk density of the plume is equal to the atmospheric506

density. Note, we neglect phase change of water vapour and liquid water to ice. Although507

such phase transformations release latent heat to the column, the latent heat of freezing508

is about a factor of 10 smaller than the latent heat of vaporization [Sparks et al., 1997].509

Therefore the effect of moisture on the eruption column dynamics can be assessed, to510

leading order, by neglecting the complicated phase change to ice.511
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We assume that the gas released at the vent is composed entirely of water vapour512

released from magma in the conduit and water vapour from the evaporation of ground513

water. Water vapour is entrained into the eruption column from the moist atmosphere514

and is advected with the bulk flow. Therefore conservation of water in the column can be515

written as516

d

ds
(Qϕ) = 2ρaUeRϕa, (31)517

where ϕ is the mass fraction of liquid water and water vapour in the column, and ϕa is518

the mass fraction of water vapour in the atmosphere (i.e. the specific humidity of the519

atmosphere). The mass fraction of water vapour in the column is denoted by ϕv, and520

ϕw = ϕ− ϕv is the mass fraction of liquid water in the plume.521

Condensation is assumed to occur rapidly once the eruption column has become satu-522

rated with respect to water vapour, such that the column remains saturated. Thus, once523

saturated, the mass fraction of gas in the column which is composed of water vapour,524

denoted by w, remains at a value such that the partial pressure of water vapour, Pv, is525

equal to the saturation vapour pressure in the column, es(T ), so Pv = es(T ) [Koyaguchi526

and Woods, 1996]. We assume no condensation occurs when the partial pressure of water527

vapour in the plume is less than the saturation vapour pressure. Note, ϕv = nw where n528

is the mass fraction of gas (dry air and water vapour) in the column. Assuming the gas529

phase is a mixture of water vapour and dry air, and each component can be considered530

an ideal gas, the partial pressure of water vapour is given by531

Pv = w
ρg
ρv

Pa =
wRv

wRv + (1− w)Ra

Pa, (32)532
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where ρg is the density of the gas phase, ρv is the density of water vapour, Rv and Ra are the533

specific gas constants of water vapour and dry air, respectively, and Pa is the pressure in534

the column which is assumed to adjust instantaneously to the local atmospheric pressure.535

Here we adopt a simple empirical approximation for the saturation vapour pressure [Rogers536

and Yau, 1989; Woods , 1993],537

es(T ) = a1 exp (−a2/T ) , (33)538

for dimensional constants a1 and a2 given in Table 4 and temperature, T , measured539

in Kelvin. More sophisticated approximations to solutions of the Clausius–Clapeyron540

equation could be employed in the integral model.541

The enthalpy of the mixture of dry air, water vapour, liquid water and solid pyroclasts542

is given by543

h = (n− ϕv)CaT + ϕsCsT + ϕvCvT + ϕwhw, (34)544

where ϕs = 1− n− ϕw is the mass fraction of solids, Ca, Cs and Cv are the specific heat545

capacities at constant pressure of dry air, solid pyroclasts, and water vapour, respectively.546

The enthalpy of liquid water condensed from the water vapour in the column, hw, is547

related to the enthalpy of the water vapour through548

hw = CvT − Lc(T ), (35)549

where Lc(T ) is the latent heat of vaporization at temperature T . Assuming the specific550

heat capacities are independent of temperature, the latent heat of vaporization can be551

approximated as Lc(T ) = Lc0 + (Cv − Cw) (T − T0) [Gill , 1982], where Lc0 is the latent552

heat of vaporization at T0 = 273K and the specific heat capacities of water vapour and553

liquid water at constant pressure, Cv and Cw, respectively, are measured in JK−1 kg−1.554
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Therefore, the enthalpy of the mixture can be written,555

h = (n− ϕv)CaT + ϕsCsT + ϕvCvT + ϕwCwT − ϕwLc(T0). (36)556

The equation for conservation of total energy, accounting for the release of latent heat on557

condensation of water vapour in a saturated eruption column, becomes558

d

ds

(
ρUR2

(
CpT +

U2

2
+ gz

))
559

= 2ρaRUe

(
CATa +

U2
e

2
+ gz

)
560

+Lc0
d

ds

(
ρR2U (ϕ− ϕv)

)
, (37)561

where Cp is the bulk specific heat capacity at constant pressure of the column, given by562

Cp = nCg + ϕwCw + (1− n− ϕw)Cs, (38)563

Cg = wCv + (1−w)Ca is the specific heat capacity at constant pressure of the gas phase,564

and CA is the specific heat capacity at constant pressure of the moist atmosphere.565

The bulk density of the column is determined by equating the specific volume of the566

column with the partial volumes of the water vapour, dry air, liquid water and solid567

pyroclasts,568

1

ρ
=

n

ρg
+

ϕw

ρw
+

1− n− ϕw

ρs
, (39)569

where ρw is the density of liquid water (assumed constant in the atmosphere). The density570

of the gas phase is given by571

ρg =
Pa

RgT
, (40)572

where the bulk gas constant of the column is given by573

Rg = wRv + (1− w)Ra. (41)574
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Neglecting the fallout of solid pyroclasts during the ascent of the material in the column,575

conservation of the solid phase can be used to determine the variation of the gas mass576

fraction,577

n = 1− ϕw − (1− n0)
Q0

Q
. (42)578

The moisture content of the atmosphere is characterized by the relative humidity of the579

atmosphere, denoted by RH , which is defined [WMO , 1988] as the ratio of the vapour580

pressure in the atmosphere to the saturation vapour pressure of the atmosphere, given by581

es(Ta). The moisture content of the atmosphere, ϕa, is related to the relative humidity by582

ϕa =
RHes(Ta)Ra

RvPa −RHes(Ta)(Rv −Ra)
. (43)583

The specific heat capacity of the moist atmosphere is given by584

CA = ϕaCv + (1− ϕa)Ca, (44)585

where we have assumed that all water in the atmosphere is in vapour form. Equations586

(32), (33), and (38)–(44) complete the closures for the thermodynamics in the moist plume587

model.588

In a quiescent environment, the release of latent heat upon condensation can signifi-589

cantly enhance the height to which a volcanic plume ascends [Woods , 1993; Sparks et al.,590

1997; Mastin, 2007]. The largest influence of the phase change of water occurs for small591

or moderately-sized eruptions (with source mass flux Q0 < 106 kg s−1), where the energy592

released on condensation contributes significantly to the energy of the plume [Sparks et al.,593

1997] (Figure 6). For larger eruptions that ascend into the stratosphere the contribution594

from latent heat of condensation has less effect on the rise of the plume [Woods, 1993]595

(Figure 6) since the latent heat released on condensation of water vapour is significantly596
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less than the heat content of the erupted material [Woods , 1993; Sparks et al., 1997].597

A similar enhancement of the rise of volcanic plumes due to latent heating is found for598

plume rising in a cross-wind, as shown in Figure 6 where predictions for the rise heights599

of dry volcanic plumes, where there is no phase change of water and the atmosphere is600

dry, are compared to those obtained with the moist plume model where water vapour601

condenses during the ascent of the plume through a moist atmosphere. In order to assess602

the maximum effect of the moisture content of the plume and atmosphere, the atmosphere603

is assumed to have relative humidity RH = 1 throughout. We note that, for this high604

moisture loading, the ambient atmosphere is convectively unstable [Gill , 1982] up to an605

altitude of approximately 4 km. This results in a weak dependence of the rise height on606

wind speed and mass flux for small eruptions (with mass flux Q < 104 kgs−1) which reach607

altitudes of around 3.5 km (Figure 6a), and consequently a large enhancement of the rise608

height of moist plumes in a wind field over similar plumes in a dry atmosphere (Figure609

6b). For lower atmospheric vapour loadings the enhancement of the plume rise height due610

to phase change of water is reduced.611

4. The Wind-blown Plume at Eyjafjallajökull 2010

We have shown that an integral model of volcanic plumes in a Standard Atmosphere and612

a shear wind field can be used to calibrate a relationship between rise height and mass flux,613

given by equation (30), which explicitly includes the wind speed through the parameter614

W̃s. However, the ascent of the eruption column is also affected by the local atmospheric615

conditions [Sparks et al., 1997], which may not be captured when the atmosphere is616

described by a Standard Atmosphere. For example, varying atmospheric stratification and617

altitudes of the troposphere–tropopause and tropopause–stratosphere boundaries between618
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tropical, mid-latitude and polar regions can result in large variation in the rise heights of619

volcanic plumes with equal source mass flux [Woods , 1995]. Furthermore, the atmospheric620

stratification above a volcano can change due to local weather systems, and varies over621

the course of a day as the heat content of the atmosphere changes. Changing atmospheric622

stratification has been suggested as a cause of diurnal variations in the rise height of weak623

plumes during the effusive phase, 19–24 April 2010, at Eyjafjallajökull [Petersen et al.,624

2012]. In addition, the linear shear wind profile adopted above may not be a sufficiently625

detailed description of the atmospheric winds to reproduce accurately the observed plume626

rise heights. Instead, by employing observational data of the atmosphere, with measured627

profiles of the wind speed, temperature, pressure and relative humidity, the integral model628

can be used to assess the effects of the local atmospheric conditions.629

By varying source conditions in the integral model, the rise height predicted by the630

model can reproduce approximately the plume height observed at Eyjafjallajökull at 1200631

UTC on 14th April. The resulting source conditions are given in Table 5. Solutions632

of the integral model using atmospheric data representing the changing meteorological633

conditions during the first explosive phase of the Eyjafjallajökull eruption, 14–17 April634

2010, are shown in Figure 7 with source conditions held fixed at the values given in Table635

5. As the local meteorology at Eyjafjallajökull is not recorded, we employ radiosonde636

measurements of atmospheric conditions (wind speed, temperature, pressure and rela-637

tive humidity) which are made every 12 hours at Keflavik International Airport (data638

obtained from Wyoming Weather Web [Oolman, 2012] repository of radiosonde sound-639

ings). Although Keflavik is 155 km from Eyjafjallajökull, the wind speeds measured by640

radiosondes are likely to be representative of the wind conditions at Eyjafjallajökull. In-641
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deed, wind speeds predicted every three hours by the U.K. Met Office Unified Model642

numerical weather prediction (NWP) scheme (NWP meteorological data provided by the643

U.K. Met Office from the Unified Model global data archive) and interpolated to ap-644

proximate wind speeds above Eyjafjallajökull show similar wind speeds as those recorded645

by radiosondes (Figure 8a). Increased wind speeds on 15th and 16th April, compared to646

those observed on 14th April, result in enhanced bending-over of the plume trajectory647

and a reduction in the height of rise of the plume. The atmospheric temperature profiles648

on each day are similar, with atmospheric lapse rates of temperature (determined using649

linear least squares regression of observed temperatures up to an altitude of 9 km a.s.l.)650

of Γ = 6.359K/km (r2 = 0.9950) on 14th April, Γ = 6.172K/km (r2 = 0.9886) on 15th651

April, and Γ = 6.373K/km (r2 = 0.9972) on 16th April. Weak temperature inversions are652

observed on 14th and 16th April but have little effect on the plume motion.653

A comparison of solutions obtained from the moist and dry plume models with ra-654

diosonde measurements of atmospheric data is also shown in Figure 7. The model solu-655

tions coincide until water vapour begins to condense in the plume. The release of latent656

heat on condensation provides energy to the eruption column which can result in an en-657

hancement of the rise height of the plume. However, condensed water is substantially658

more dense than water vapour and so the phase change can reduce the rise height of the659

plume. The overall effect on the plume depends on the extent to which condensation660

occurs, and therefore on the atmospheric vapour loading. For example, the moist plume661

model predicts the condensation of water vapour for the 14th April (Figure 7a–d) but the662

rise height of the plume is almost identical to the prediction of a plume rising in a dry663

atmosphere. In contrast, the condensation predicted to occur by the moist plume model664
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using atmospheric data from 15th April (Figure 7e–h) results in an increase in the rise665

height with respect to the dry plume model of approximately 367m, a 5% enhancement666

in the rise height over a dry plume model. This difference is within the uncertainty of667

the rise heights observed during the Eyjafjallajökull 2010 eruption (Figure 8) so for small668

wind-affected volcanic eruptions the role of external moisture added to an eruption column669

is secondary to the role of atmospheric stratification, source buoyancy flux and wind.670

During the 2010 Eyjafjallajökull eruption, a weather radar at Keflavik International671

Airport, 155 km west of Eyjafjallajökull, measured plume heights above the summit of672

the volcano at 5-minute intervals [Arason et al., 2011; Petersen et al., 2012], providing673

a record of the changing plume heights over the course of the eruption. The scanning674

strategy utilized by the weather radar [Arason et al., 2011] and the distance from Keflavik675

to Eyjafjallajökull result in semi-discrete jumps in the observed plume heights [Arason676

et al., 2011], and measured plume heights are lower bounds on the actual rise height of677

the eruption column. In order to reduce the spurious jumps in the radar record of plume678

heights, we therefore take maximum observed heights in 1-hour intervals. Furthermore,679

the heights recorded in the radar dataset are measured heights above the summit of680

Eyjafjallajökull while the plume may not have reached the maximum altitude until some681

distance downwind [Arason et al., 2011]. Despite these limitations, the radar time series682

of plume heights represents the most complete record of plume height variation during683

the Eyjafjallajökull eruption.684

The plume height observed during the first explosive phase of the Eyjafjallajökull erup-685

tion, 14–17 April 2010, varied on a 24-hour time scale [Petersen, 2010; Arason et al.,686

2011], with the plume reaching an altitude in excess of 8 km on 14th April (W̃s ≈ 0.43),687
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falling to 5–7 km on 15th April (W̃s ≈ 0.95 at 0000 UTC; W̃s ≈ 0.80 at 1200) and on688

16th (W̃s ≈ 1.10 at 0000; W̃s ≈ 1.01 at 1200), and rising again to over 8 km on 17th689

April (W̃s ≈ 0.23 at 0000; W̃s ≈ 0.57 at 1200) (Figures 4 and 8bc). The plume height690

variations are coincident with meteorological changes and, in particular, plume heights691

are anti-correlated with wind speeds, as shown in Figure 8.692

The mass flux of material from Eyjafjallajökull can be estimated by using equations693

(27) and (29), with appropriate estimates of source conditions and with the wind strength694

parameter W̃s determined from radiosonde measurements of the atmospheric wind. The695

wind speed V1 is taken as the speed recorded at H1 = 7km as the wind profiles show an696

approximately linearly increasing wind speed up to this altitude over the course of the697

first explosive phase. In figure 8b we show the plume rise height predicted by equations698

(27) and (29) with source conditions given in Table 5 and the source mass flux held699

constant. The variation in the predicted plume rise height in figure 8b is therefore due700

to the changing wind conditions over the duration of the first explosive phase. Figure701

8b shows that the variation in the observed plume height can be described by the semi-702

empirical relationship when a constant source mass flux of Q = 6× 106 kgs−1 is assumed.703

In contrast, a source mass flux of Q = 2× 106 kgs−1 (chosen to represent the peak source704

mass flux predicted by the Sparks et al. [1997] and Mastin et al. [2009] relationships for705

the rise heights observed at Eyjafjallajökull) underpredicts the rise height during periods706

of low wind speeds, and a source mass flux of Q = 2× 105 kgs−1 (chosen to represent the707

minimum source mass flux predicted by the Sparks et al. [1997] and Mastin et al. [2009]708

curve fits) underpredicts the observed rise height.709
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The semi-empirical relationship given by equation (30) is unable to fully capture the710

variations in observed plume heights as the detailed atmospheric conditions are not in-711

cluded. However, detailed meteorological observations can be employed in the integral712

models of volcanic plumes. In Figure 8c plume rise height predictions are obtained from713

the dry and moist integral models. Source conditions are chosen to reproduce approxi-714

mately the observed plume height at 1200 UTC on 14th April (Table 5) and subsequently715

held fixed while the meteorology varies. The changing atmospheric conditions, in partic-716

ular the wind speed, in the integral models can account for observed variations in the rise717

height of the plume from Eyjafjallajökull during 14–17 April 2010 (Figure 8b). However,718

in order to reproduce precisely the observed plume heights, an adjustment of the source719

conditions is required. Optimized solutions of the dry plume model are obtained by vary-720

ing the exit velocity of material at the vent, the column temperature at the vent and the721

mass fraction of gas in the column at the vent (Table 6). Given the nonlinear dependence722

of the plume rise height on these source conditions, the set of source conditions which723

reproduce the observed rise height may not be unique, and here we have not attempted724

to explore systematically the solution space of the optimized solutions.725

If the changing meteorological conditions are not considered, the changes in plume rise726

heights during this period suggest the source mass flux, determined from curve fits to727

the dataset of historic eruptions [Sparks et al., 1997; Mastin et al., 2009], varies by more728

than an order of magnitude and often by two orders of magnitude (Figure 8d). However,729

solutions of the wind-blown plume model which employ contemporaneous meteorological730

data obtained from radiosondes are able to reproduce the observed variation in plume rise731

height with a near constant source mass flux (Figure 8d). Furthermore, the optimized732
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solutions of the dry plume model precisely reproduce observed plume height variations733

(Figure 8c) with the source mass flux varying in the range 5.722× 106– 8.729× 106 kgs−1.734

As there is no independent evidence for large changes in the source mass flux during735

the first explosive phase of the 2010 Eyjafjallajökull eruption on the time scale of the736

observed variation in plume height, the changing meteorology during the course of the737

eruption must be explicitly included in models or expression used to relate source mass738

flux to plume height.739

5. Discussion

In order to forecast accurately the concentration of ash in the atmosphere during vol-740

canic crises, source conditions describing the transport of material from the volcano to741

the atmosphere, in particular the height at which ash starts to intrude horizontally and742

the mass flux of material released from the volcano, are required. In a quiescent atmo-743

sphere, a scaling relationship between source mass flux and plume rise height can be used744

to estimate the source mass flux during an eruption [Sparks et al., 1997; Mastin et al.,745

2009]. Calibration of the scaling relationships have not considered atmospheric controls746

on the ascent of volcanic plumes, yet have been used in situations where meteorology has747

strongly affected plume behavior [Webster et al., 2012].748

Atmospheric winds have a crucial influence on the injection of volcanic ash into the749

atmosphere and must be accounted for when estimating source mass flux. In windy750

environments, the additional entrainment of ambient air into the plume, together with751

the bending over of the plume trajectory, significantly reduce the rise height of the plume752

relative to an equivalent source in a quiescent environment. Thus, to attain equal rise753
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heights, a plume in a strong wind field has a significantly higher source mass flux than a754

plume in a quiescent atmosphere.755

If detailed measurements of local atmospheric conditions are available the meteorological756

data can be incorporated into integral models of volcanic plumes in a cross-wind. The757

source conditions of the model can then be varied in an attempt to reproduce observed758

plume heights and provide an estimate of the source mass flux. In the absence of detailed759

meteorological observations, new semi-empirical relationships between plume height and760

source mass flux which explicitly include the wind speed, through the wind shear rate,761

provide improved estimates of the source mass flux for weak, bent-over plumes.762

The record of plume rise heights at Eyjafjallajökull during the first explosive phase of763

the 2010 eruption show abrupt changes in the plume height [Arason et al., 2011; Petersen764

et al., 2012]. One explanation, based on the use of calibrated relationships between plume765

height and source mass flux, is that the source strength of Eyjafjallajökull varied by more766

than an order of magnitude during this time period. However, there is no independent767

evidence of such large, abrupt changes in the source mass flux during the first explosive768

phase of the eruption. Our results show that an alternative explanation is that the source769

mass flux varied little during the first explosive phase and that changes in plume heights770

are predominately due to meteorological changes, in particular changes in the atmospheric771

wind speed. Sudden changes in plume height are better explained by rapid changes in772

wind speed than large changes in the volcanic source mass flux by more than an order of773

magnitude that are coincident with meteorological changes.774

Our results highlight that the source mass flux deduced from observations of plume775

height, which is input into far-field atmospheric ash dispersion models, can be signifi-776
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cantly underestimated unless the effects of wind on the near-source plume dynamics are777

considered. This has important consequences on the predictions of ash concentrations778

in the far-field. The ash concentration levels for commercial flight operations adopted in779

Europe during the 2010 Eyjafjallajökull eruption increase the demand on atmospheric dis-780

persion forecasts. In order to distinguish ‘safe’ airspace from ‘no-fly’ zones [ICAO , 2010;781

CAA, 2011], the dispersion models must predict ash concentrations to within 1mgm−3.782

While improved observations near the source and in the far-field, together with advances783

in the numerical dispersion models, can assist in achieving accurate forecasts of ash con-784

centration, the source condition input into the models remains a crucial component. An785

increase in the source mass flux by an order of magnitude could result in the prediction786

of large regions of airspace being closed to traffic as ‘safe’ ash concentrations in the atmo-787

sphere are exceeded. Therefore, under-predictions of the source mass flux by an order of788

magnitude or more due to the neglect of wind on the plume rise could limit the ability of789

ash dispersion models to forecast ash concentrations and manage airspace during volcanic790

crises.791

6. Conclusions

Integral models of volcanic plumes in a wind field allow the relationship between the rise792

height of volcanic plumes, source conditions at the volcanic vent and atmospheric condi-793

tions to be explored. Detailed meteorological descriptions from atmospheric soundings or794

numerical weather prediction forecasts can be employed in the integral models and source795

conditions varied to reproduce observed rise heights of volcanic plumes, providing esti-796

mates of volcanic source conditions. When atmospheric profiles are not available, a new797

semi-empirical relationship between plume rise height and source mass flux that explicitly798

D R A F T October 1, 2012, 7:09am D R A F T



X - 38 WOODHOUSE ET AL.: VOLCANIC PLUMES AND WIND

includes the atmospheric wind speed can provide improved estimates of source mass flux799

over existing calibrated scaling relationships. Our results demonstrate the source mass800

flux determined from plume rise height can be significantly underestimated unless the801

effect of atmospheric wind is considered [Briggs , 1969; Hewett et al., 1971; Bursik , 2001;802

Degruyter and Bonadonna, 2012], and variations in plume rise height can be attributed803

to changing meteorology rather than large changes in source mass flux.804

Appendix A: Pure plume model in a linear shear cross flow

Simple estimates of the effect of the cross-wind on the rise of volcanic plumes can be805

found by examining a pure plume model for which the multiphase character of volcanic806

plumes is not considered and a simple atmosphere with uniform stable stratification is807

assumed. While the volcanic plume model has several controlling parameters, the pure808

plume model contains only two controlling dimensionless parameters and therefore the809

influence of the controlling parameters on the character of solutions to the pure plume810

model can be determined readily.811

The integral model of a pure plume in a cross-wind [Hewett et al., 1971] can be obtained812

from the wind-blown volcanic plume model by assuming (i) the material in the column is813

a gas with the same specific heat capacity and gas constant as the atmosphere, and both814

of these quantities remain constant; (ii) the thermal energy of the column greatly exceeds815

the kinetic energy; (iii) the fluids in the plume and atmosphere are incompressible (so816

mass conservation can be replaced by volume conservation); (iv) the density difference817

between the plume and the ambient atmosphere is small in comparison to a reference818

density, so the Boussinesq approximation can be invoked. Defining the volume flux, πq,819
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specific momentum flux, πm, and specific buoyancy flux, πf , as820

q = R2U, m = R2U2, f = R2Ug′, (A1)821

where g′ = g (ρa − ρ) /ρa0 is the reduced gravity, with ρa0 a reference density of the822

atmosphere, the equations governing the steady plume dynamics [Hewett et al., 1971] are823

dq

ds
=

2q√
m
Ue,824

dm

ds
= V cos θ

dq

ds
+

qf

m
sin θ,825

m
dθ

ds
= −V sin θ

dq

ds
+

qf

m
cos θ,826

df

ds
= −N2q sin θ,827

dx

ds
= cos θ,828

dz

ds
= sin θ. (A2)829

Here the buoyancy frequency, N , is given by830

N2 = − g

ρa0

dρa
dz

. (A3)831

Solutions of the governing equations are sought for a pure plume (f(0) = f0 > 0, q(0) = 0,832

m(0) = 0) from a point source at x = z = 0 in a linearly stratified ambient (N2 constant).833

Dimensionless governing equations can be formed by introducing dimensionless variables834

(denoted with hats) by scaling the dimensional variables using the source buoyancy flux835

f0 and buoyancy frequency N ,836

s = ks
1/2f0

1/4N−3/4ŝ, x = ks
−1/2f0

1/4N−3/4x̂,

z = ks
−1/2f0

1/4N−3/4ẑ, f(s) = f0f̂(ŝ),

q(s) = ks
1/2f0

3/4N−5/4q̂(ŝ), m(s) = f0N
−1m̂(ŝ).

(A4)837

We note the scalings introduced anticipate that the rise height of the plume scales with838

the buoyancy flux to the one-quarter power [Morton et al., 1956] when the ambient is839
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quiescent (V = 0). The dimensionless governing equations become,840

dq̂

dŝ
=

2q̂√
m̂

(∣∣∣∣∣m̂q̂ −W cos θ

∣∣∣∣∣+ κ |W sin θ|
)
, (A5)841

dm̂

dŝ
=

f̂ q̂

m̂
sin θ +W cos θ

dq̂

dŝ
, (A6)842

m̂
dθ

dŝ
=

f̂ q̂

m̂
cos θ −W sin θ

dq̂

dŝ
, (A7)843

df̂

dŝ
= −q̂ sin θ, (A8)844

dx̂

dŝ
= cos θ, (A9)845

dẑ

dŝ
= sin θ. (A10)846

The dimensionless equations depend on two dimensionless parameters, the ratio of the847

entrainment coefficients κ = kw/ks and the ratio of the wind speed to the typical buoyancy-848

driven rise speed of the plume849

W =

√
ksV

f
1/4
0 N1/4

. (A11)850

For volcanic eruption columns, the buoyancy flux at the source can be related to the mass851

flux [Sparks et al., 1997] through852

f0 = g
(
CpT − CaTa

CaTa

)
Q

ρa0
, (A12)853

from which we obtain equation (25).854

If the cross wind is taken as a linear shear flow with shear rate γ̇, so V (z) = γ̇z, we find855

W =
γ̇

N
ẑ = Wsẑ, (A13)856

where Ws = γ̇/N . Experimental observations [Hewett et al., 1971] suggest κ = 10 and we857

adopt this value here.858

Solutions to the system of dimensionless governing equations (A5)–(A10) for varying859

cross-wind speeds can be computed numerically by varying the parameter Ws, allowing860
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the effect of the wind speed on the rise height to be determined. In addition, the influence861

of the relative magnitude of the entrainment coefficients can be investigated by varying862

κ. In a linear shear flow, the computations show H/H0 monotonically decreases with Ws863

(Figure 4 and 9), where H0 is the rise height of a plume in a quiescent environment. A864

rational function of the form865

H

H0

=
1 + aWs

1 + bWs + cWs
2 (A14)866

can be used to approximate the curves in Figure 9, with the fitting coefficients being867

functions of κ. The functional relationship between the rise height and the wind parameter868

Ws is well approximated by the rational function given in equation (27) in the range869

Ws < 5, for κ = 10. For 5 ≤ κ ≤ 10, the linear relationships a = 0.87 + 0.50κ,870

b = 1.09 + 0.32κ and c = 0.06 + 0.03κ can be used to estimate the fitting coefficients in871

equation (A14).872
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Figure 1. A model of a volcanic plume in a cross-wind. A Cartesian coordinate system is fixed

with x denoting the distance downwind from the vent and z denoting the vertical distance from

the vent. Equations describing the plume dynamics are derived in a plume-centered coordinate

system, with s denoting the curvilinear distance (arclength) from the vent along the plume axis,

and θ(s) is the angle of the centerline with respect to the horizontal. A cross-section of the plume

normal to the centerline has area A and circumference Ω. The wind speed is denoted by V (z),

the centerline speed of the plume is U(s), and Ue denotes the entrainment velocity at the plume

margins.
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Figure 2. Calculated centerline trajectories of volcanic plumes in a cross-wind. The wind is

taken to increase linearly in the troposphere to a speed V1 at height z = 11 km, and has constant

speed above. We take V1 = 0 (with Ws = 0 as defined in equation 26), V1 = 10ms−1 (Ws = 0.09),

V1 = 20ms−1 (Ws = 0.17), V1 = 30ms−1 (Ws = 0.26), and V1 = 40ms−1 (Ws = 0.34). The

temperature profile of the atmosphere is modelled using the U.S. Standard Atmosphere [COESA,

1976]. The complete set of model parameters is provided in Table 2.
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Figure 3. The rise height of an eruption column, H, as a function of the mass flux of

material from the volcanic vent, Q. A data set of historical eruptions [Sparks et al., 1997; Mastin

et al., 2009] where the mass flux of the eruption, Q, and rise height of the plume, H, can be

independently estimated is used to calibrate a scaling law relationship between rise height and

mass flux [Sparks et al., 1997; Mastin et al., 2009] (as given on the figure, for H measured in km

and Q measured in kgs−1). A representative wind speed at an altitude of 10 km can be assigned,

in some cases, using ECMWF Reanalysis data. The data show a tendency for plume rise heights

from small eruptions (source mass flux Q < 108 kgs−1) to be reduced in high winds (wind speed

V1 > 20ms−1). Predictions of the integral model of dry volcanic plumes in a cross-wind that

increases linearly with altitude up to a speed V1 at the tropopause at an altitude of 11 km (denoted

by the black dashed line) are computed using the U.S. Standard Atmosphere [COESA, 1976] to

describe the temperature profile in the atmosphere, for a range of exit velocities and vent radii

(the source conditions employed are given in Table 3).
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Figure 4. The height of neutral buoyancy for pure plumes in a linear shear flow as a function

of the wind strength parameter Ws (blue solid line). The height of neutral buoyancy, H, is nor-

malized by the height of neutral buoyancy for a pure plume in a quiescent environment, H0. The

ambient environment is uniformly stably stratified. A rational function approximation, equation

(27), with three fitting parameters, well describes the numerically determined relationship for

Ws ≤ 5 (red dashed line). Values of W̃s estimated for Eyjafjallajökull 14–17 April 2010 using

radiosonde measurements of the meteorology at Keflavik International Airport [Oolman, 2012]

are marked (black points).
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Figure 5. The rise height of an eruption column, H, as a function of the mass flux of

material from the volcanic vent, Q, and wind speed at the tropopause, V1. Predictions of

the integral model of volcanic plumes in a cross-wind that increases linearly with altitude up

to a speed V1 at the tropopause at an altitude of H1 = 11 km are computed using the U.S.

Standard Atmosphere [COESA, 1976] to describe the temperature profile in the atmosphere

(with a buoyancy frequency N = 0.0108 s−1), for a range of exit velocities and vent radii

(the source conditions employed are given in Table 3). Functional approximations of the form

H = 0.318Q0.253
(
1 + 1.373W̃s

)
/
(
1 + 4.266W̃s + 0.3527W̃2

s

)
, where W̃s = 1.44V1/(NH1), well-

describe the model predictions. The model predictions, and the function fits, are in good agree-

ment with observations of rise height and mass flux from a dataset of historic eruptions [Sparks

et al., 1997; Mastin et al., 2009], indicated by data points on the figure.
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Figure 6. The rise height of an eruption column, H, as a function of the mass flux of material

from the volcanic vent, Q, for dry and moist atmospheres. (a) Predictions of the integral model

of dry volcanic plumes in a cross-wind are compared with predictions from the integral model of

moist volcanic plumes in a cross-wind. A range of exit velocities and vent radii are used, with

the source conditions employed given in Table 3. (b) The enhancement of the rise height of moist

volcanic plumes in comparison to dry volcanic plumes as a function of the mass flux of material

from the volcanic vent. The cross-wind increases linearly with altitude up to the tropopause (at

an altitude of 11 km) and is constant above. The atmospheric temperature is described using

the U.S. Standard Atmosphere [COESA, 1976]. For the moist plume model the atmosphere is

assumed to have the maximum vapour loading, with a relative humidity RH = 1 throughout the

atmosphere. The parameter values used in the moist plume model are given in Table 4.
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Figure 7. Solutions of the dry and moist wind-blown plume models with atmospheric conditions

measured by radiosondes at Keflavik International Airport. Atmospheric conditions measured at

(a–d) 1200 UTC on 14th, (e–h) 1200 UTC on 15th and (i–l) 1200 UTC on 16th April 2010. Source

conditions for the models are given in Table 5. Blue curves show solutions to the dry wind-blown

plume model, red curves are solutions of the wet wind-blown plume model, and green curves show

atmospheric conditions, linearly interpolated between data points. (a), (e), (i), Plume centerline

trajectories. (b), (f), (j), Vertical plume speed (blue solid and red dashed lines), horizontal plume

speed (blue dashed and red dotted lines) and horizontal atmospheric wind speed (green dashed

line). (c), (g), (k), Temperature of the plume (blue solid and red dashed lines) and temperature

of the atmosphere (green dashed line). (d), (h), (l), Mass fraction of liquid water in the plume

(red solid line) and moisture content of the atmosphere (green dashed line).
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Figure 8. Comparison of the wind-blown plume models to observations of plume rise heights at

Eyjafjallajökull during the first explosive phase, 14–17 April 2010. (a) Wind speed at an altitude

of 7 km (taken as characteristic of the wind conditions) as a function of time during 14–17 April

2010. Wind speeds measured every 12 hours by radiosondes at Keflavik International Airport

(red circles) and predicted every three hours by the U.K. Met Office Unified Model (blue +).

(b) Plume rise heights at Eyjafjallajökull, recored by a weather radar at Keflavik (blue ·), and

predictions of rise heights from the semi-empirical relationship between source mass flux and

plume rise height as functions of time. The mass flux is fixed at Q = 6×106 kgs−1 (black circles),

Q = 2 × 106 kgs−1 (red circles) and Q = 2 × 105 kgs−1 (green circles). (c) Plume rise heights at

Eyjafjallajökull, recored by a weather radar at Keflavik (blue ·), and predictions of rise heights

from the wind-blown dry (red +) and moist (green ×) plume models as functions of time. In

addition, predictions from the dry model with optimized source conditions (black ◦) reproduce

precisely observed plume rise heights. (d) Source mass flux estimate as a function of time. When

estimated from the observed plume heights using curve fits to a dataset of historic eruptions

[Sparks et al., 1997; Mastin et al., 2009] the source mass flux of material from the source varies

over more than an order of magnitude, whereas the mass flux in the wind-blown plume model

remains approximately constant (dashed line). Optimized model solutions can be found with

source conditions varied to reproduce exactly observed plume rise heights (Table 6), with source

mass flux constrained to be within 25% of the source mass flux adopted in the non-optimized

calculations.
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Figure 9. The height of neutral buoyancy for pure plumes in a linear shear flow as a function

of the wind strength parameter Ws and the ratio of the entrainment coefficients κ with κ = 10

(solid line), κ = 7 (dotted line) and κ = 5 (dashed line). The height of neutral buoyancy, H, is

normalized by the height of neutral buoyancy for a pure plume in a quiescent environment, H0.

The ambient environment is uniformly stably stratified.
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Table 1. Parameters employed in the dry volcanic plume model
Parameter symbol value unit
Atmospheric pressure at sea level Pa0 100 kPa
Atmospheric temperature at sea level Ta0 293 K
Density of solid pyroclasts ρs 1200 kgm−3

Entrainment coefficient in absence of wind ks 0.09
Entrainment coefficient due to wind kw 0.9
Gas constant of atmosphere Ra 285 JK−1 kg−1

Gas constant of volcanic gas at vent Rg0 462 JK−1 kg−1

Gravitational acceleration g 9.81 m s−2

Height of stratosphere H2 20 km
Height of tropopause H1 11 km
Lapse rate of temperature in stratosphere λ 2.0 Kkm−1

Lapse rate of temperature in troposphere µ 6.5 Kkm−1

Specific heat capacity of atmosphere Ca 998 JK−1 kg−1

Specific heat capacity of column at vent Cp0 1624 JK−1 kg−1
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Table 2. Source conditions for example profiles of dry volcanic plumes in a cross-wind (Fig.

2)
Variable symbol value unit
Column temperature T0 1200 K
Exit angle θ0 0
Exit velocity U0 100 m s−1

Gas mass fraction n0 0.03
Vent altitude z0 0 m
Vent radius R0 100 m
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Table 3. Source conditions employed in model predictions for rise height of volcanic plumes

in a cross-wind (Fig. 3)
Variable symbol value unit
Column temperature T0 1200 K
Exit angle θ0 0
Exit velocity U0 1–500 m s−1

Gas mass fraction n0 0.05
Vent altitude z0 0 m
Vent radius R0 1–500 m
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Table 4. Parameters employed in the moist volcanic plume model
Parameter symbol value unit
Atmospheric pressure at sea level Pa0 100 kPa
Atmospheric temperature at sea level Ta0 293 K
Density of liquid water ρw 1000 kgm−3

Density of solid pyroclasts ρs 1200 kgm−3

Entrainment coefficient in absence of wind ks 0.09
Entrainment coefficient due to wind kw 0.9
Gas constant of dry air Ra 285 JK−1 kg−1

Gas constant of water vapour Rv 462 JK−1 kg−1

Gravitational acceleration g 9.81 m s−2

Height of stratosphere H2 20 km
Height of tropopause H1 11 km
Lapse rate of temperature in stratosphere λ 2.0 Kkm−1

Lapse rate of temperature in troposphere µ 6.5 Kkm−1

Latent heat of vaporization at 273K Lc0 2.5× 106 J kg−1

Parameter in saturation vapour pressure relation a1 2.53× 1011 Pa
Parameter in saturation vapour pressure relation a2 5.42× 103 K
Specific heat capacity of dry air Ca 998 JK−1 kg−1

Specific heat capacity of liquid water Cw 4200 JK−1 kg−1

Specific heat capacity of solid pyroclasts Cs 1617 JK−1 kg−1

Specific heat capacity of water vapour Cv 1850 JK−1 kg−1
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Table 5. Source conditions employed to approximately reproduce observed height of the

plume from Eyjafjallajökull at 1200 UTC on 14th April 2010.
Variable symbol value unit
Column temperature T0 1000 K
Exit angle θ0 0
Exit velocity U0 60 m s−1

Gas mass fraction n0 0.03
Vent altitude z0 1666 m
Vent radius R0 80 m
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Table 6. Optimized source conditions employed to reproduce observed height of the plume

from Eyjafjallajökull, 14–17 April 2010.
Time Exit velocity Column temperature Gas mass fraction Mass flux

U0 (ms−1) T0 (K) n0 Q (kg s−1)
14 Apr 1200 76.5 925.7 0.034 8.729× 106

15 Apr 0000 96.1 766.2 0.070 6.502× 106

15 Apr 1200 99.9 784.3 0.076 6.090× 106

16 Apr 0000 50.0 600.0 0.052 5.722× 106

16 Apr 1200 94.5 637.0 0.086 6.136× 106

17 Apr 0000 83.0 821.7 0.042 8.581× 106

17 Apr 1200 83.6 861.6 0.040 8.695× 106
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Figure 1. A model of a volcanic plume in a cross-wind. A Cartesian coordinate system is fixed with
x denoting the distance downwind from the vent and z denoting the vertical distance from the vent.
Equations describing the plume dynamics are derived in a plume-centered coordinate system, with s
denoting the curvilinear distance (arclength) from the vent along the plume axis, and θ(s) is the angle of
the centerline with respect to the horizontal. A cross-section of the plume normal to the centerline has
area A and circumference Ω. The wind speed is denoted by V (z), the centerline speed of the plume is
U(s), and Ue denotes the entrainment velocity at the plume margins.
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Figure 2. Calculated centerline trajectories of volcanic
plumes in a cross-wind. The wind is taken to increase
linearly in the troposphere to a speed V1 at height z =
11 km, and has constant speed above. We take V1 = 0
(with Ws = 0 as defined in equation 26), V1 = 10ms−1

(Ws = 0.09), V1 = 20ms−1 (Ws = 0.17), V1 = 30ms−1

(Ws = 0.26), and V1 = 40ms−1 (Ws = 0.34). The tem-
perature profile of the atmosphere is modelled using the
U.S. Standard Atmosphere [COESA, 1976]. The com-
plete set of model parameters is provided in Table 2.



WOODHOUSE ET AL.: VOLCANIC PLUMES AND WIND X - 17

Figure 3. The rise height of an eruption column, H , as a function of the mass flux of material from
the volcanic vent, Q. A data set of historical eruptions [Sparks et al., 1997; Mastin et al., 2009] where
the mass flux of the eruption, Q, and rise height of the plume, H , can be independently estimated is
used to calibrate a scaling law relationship between rise height and mass flux [Sparks et al., 1997; Mastin
et al., 2009] (as given on the figure, for H measured in km and Q measured in kgs−1). A representative
wind speed at an altitude of 10 km can be assigned, in some cases, using ECMWF Reanalysis data. The
data show a tendency for plume rise heights from small eruptions (source mass flux Q < 108 kgs−1) to
be reduced in high winds (wind speed V1 > 20ms−1). Predictions of the integral model of dry volcanic
plumes in a cross-wind that increases linearly with altitude up to a speed V1 at the tropopause at an
altitude of 11 km (denoted by the black dashed line) are computed using the U.S. Standard Atmosphere
[COESA, 1976] to describe the temperature profile in the atmosphere, for a range of exit velocities and
vent radii (the source conditions employed are given in Table 3).
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Figure 4. The height of neutral buoyancy for pure
plumes in a linear shear flow as a function of the wind
strength parameter Ws (blue solid line). The height of
neutral buoyancy, H , is normalized by the height of neu-
tral buoyancy for a pure plume in a quiescent environ-
ment, H0. The ambient environment is uniformly stably
stratified. A rational function approximation, equation
(27), with three fitting parameters, well describes the nu-
merically determined relationship for Ws ≤ 5 (red dashed

line). Values of W̃s estimated for Eyjafjallajökull 14–17
April 2010 using radiosonde measurements of the meteo-
rology at Keflavik International Airport [Oolman, 2012]
are marked (black points).
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Figure 5. The rise height of an eruption column, H , as a function of the mass flux of material from the
volcanic vent, Q, and wind speed at the tropopause, V1. Predictions of the integral model of volcanic
plumes in a cross-wind that increases linearly with altitude up to a speed V1 at the tropopause at an
altitude of H1 = 11 km are computed using the U.S. Standard Atmosphere [COESA, 1976] to describe the
temperature profile in the atmosphere (with a buoyancy frequency N = 0.0108 s−1), for a range of exit ve-
locities and vent radii (the source conditions employed are given in Table 3). Functional approximations

of the form H = 0.318Q0.253
(
1 + 1.373W̃s

)
/
(
1 + 4.266W̃s + 0.3527W̃2

s

)
, where W̃s = 1.44V1/(NH1),

well-describe the model predictions. The model predictions, and the function fits, are in good agreement
with observations of rise height and mass flux from a dataset of historic eruptions [Sparks et al., 1997;
Mastin et al., 2009], indicated by data points on the figure.
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Figure 6. The rise height of an eruption column, H , as a function of the mass flux of material from the
volcanic vent, Q, for dry and moist atmospheres. (a) Predictions of the integral model of dry volcanic
plumes in a cross-wind are compared with predictions from the integral model of moist volcanic plumes
in a cross-wind. A range of exit velocities and vent radii are used, with the source conditions employed
given in Table 3. (b) The enhancement of the rise height of moist volcanic plumes in comparison to
dry volcanic plumes as a function of the mass flux of material from the volcanic vent. The cross-wind
increases linearly with altitude up to the tropopause (at an altitude of 11 km) and is constant above.
The atmospheric temperature is described using the U.S. Standard Atmosphere [COESA, 1976]. For the
moist plume model the atmosphere is assumed to have the maximum vapour loading, with a relative
humidity RH = 1 throughout the atmosphere. The parameter values used in the moist plume model are
given in Table 4.
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Figure 7. Solutions of the dry and moist wind-blown plume models with atmospheric conditions mea-
sured by radiosondes at Keflavik International Airport. Atmospheric conditions measured at (a–d) 1200

UTC on 14th, (e–h) 1200 UTC on 15th and (i–l) 1200 UTC on 16th April 2010. Source conditions for the
models are given in Table 5. Blue curves show solutions to the dry wind-blown plume model, red curves
are solutions of the wet wind-blown plume model, and green curves show atmospheric conditions, linearly
interpolated between data points. (a), (e), (i), Plume centerline trajectories. (b), (f), (j), Vertical plume
speed (blue solid and red dashed lines), horizontal plume speed (blue dashed and red dotted lines) and
horizontal atmospheric wind speed (green dashed line). (c), (g), (k), Temperature of the plume (blue
solid and red dashed lines) and temperature of the atmosphere (green dashed line). (d), (h), (l), Mass
fraction of liquid water in the plume (red solid line) and moisture content of the atmosphere (green
dashed line).
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Figure 8. Comparison of the wind-blown plume models to observations of plume rise heights at Eyjafjal-
lajökull during the first explosive phase, 14–17 April 2010. (a) Wind speed at an altitude of 7 km (taken
as characteristic of the wind conditions) as a function of time during 14–17 April 2010. Wind speeds mea-
sured every 12 hours by radiosondes at Keflavik International Airport (red circles) and predicted every
three hours by the U.K. Met Office Unified Model (blue +). (b) Plume rise heights at Eyjafjallajökull,
recored by a weather radar at Keflavik (blue ·), and predictions of rise heights from the semi-empirical
relationship between source mass flux and plume rise height as functions of time. The mass flux is fixed at
Q = 6×106 kgs−1 (black circles), Q = 2×106 kgs−1 (red circles) and Q = 2×105 kgs−1 (green circles). (c)
Plume rise heights at Eyjafjallajökull, recored by a weather radar at Keflavik (blue ·), and predictions of
rise heights from the wind-blown dry (red +) and moist (green ×) plume models as functions of time. In
addition, predictions from the dry model with optimized source conditions (black ◦) reproduce precisely
observed plume rise heights. (d) Source mass flux estimate as a function of time. When estimated from
the observed plume heights using curve fits to a dataset of historic eruptions [Sparks et al., 1997; Mastin
et al., 2009] the source mass flux of material from the source varies over more than an order of magnitude,
whereas the mass flux in the wind-blown plume model remains approximately constant (dashed line).
Optimized model solutions can be found with source conditions varied to reproduce exactly observed
plume rise heights (Table 6), with source mass flux constrained to be within 25% of the source mass flux
adopted in the non-optimized calculations.
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Figure 9. The height of neutral buoyancy for pure
plumes in a linear shear flow as a function of the wind
strength parameter Ws and the ratio of the entrainment
coefficients κ with κ = 10 (solid line), κ = 7 (dotted line)
and κ = 5 (dashed line). The height of neutral buoyancy,
H , is normalized by the height of neutral buoyancy for a
pure plume in a quiescent environment, H0. The ambient
environment is uniformly stably stratified.
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